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Abstract

This paper develops a new estimation framework for balancing statistical flexibility and eco-
nomic regularity in multi-product nonparametric demand systems. We take a quasi-Bayes ap-
proach that transforms a sieve estimator of inverse demand into a quasi-likelihood and then uses
priors to regularize and enforce economic constraints. We implement novel sampling procedures
that repose the heavily constrained posterior as the limit of a sequence of softly constrained pos-
teriors, and then utilize sequential Monte Carlo algorithms to push and filter samples through
this sequence. Evidence from simulations and across several grocery retail categories shows
that, relative to classical estimators, our approach more accurately recovers economic structure
and improves finite sample performance. We also introduce an accompanying Julia package

(NPDemand. j1) to help make nonparametric demand estimation more feasible in applied work.
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1 Introduction

Estimating empirical models of consumer and firm behavior often involves trading off statistical
flexibility and economic validity. Researchers typically seek to recover economic primitives as
flexibly as possible while also ensuring that any domain-specific restrictions from economic theory
are satisfied. Examples include estimating flexible product substitution patterns that satisfy the
laws of demand, output elasticities subject to non-increasing returns to scale, or distributions of
bidder valuations subject to monotone bidding strategies. In prescriptive work, where the goal is to
inform decision-making, economic regularity often takes precedence and researchers tend to favor
simpler parametric specifications. The development of alternative approaches to counterfactual
measurement which are flexible yet tractable and comply with economic theory continues to be an
active area of research.

In this paper, we focus on the analysis of consumer demand and offer a new quasi-Bayesian
approach for estimating nonparametric demand systems for differentiated products. Demand esti-
mation is a foundational area of applied work, and researchers have long been interested in devel-
oping flexible models that retain proper microfoundations. In simple logit specifications, the shape
and curvature of demand is governed by a single parameter which makes it easier to ensure validity
but comes at the cost of flexibility (Berry and Haile, 2021; Miravete et al., 2024; Birchall et al.,
2024). As functional form is relaxed, the parameter space necessarily grows and it can be harder
enforce economic validity. For example, ensuring demand is downward-sloping in a more flexible
mixed logit model requires constraints over a higher-dimensional distribution of utility parameters.
Enforcing shape constraints on nonparametric specifications of demand is even more challenging.
The main contribution of this paper is to provide an estimation framework that delivers economic
regularization on flexible specifications of demand, and is especially useful when (i) theory places
restrictions on nonlinear functions of model parameters, and (ii) the parameter space is large or
infinite-dimensional.

The starting point of our empirical framework is the nonparametric demand (NPD) system pre-
sented in Berry and Haile (2014), in which market shares are expressed as functions of observed and
unobserved product characteristics, including endogenous prices. The inverse demand functions,
which are identified under a conditional moment restriction, are the structural objects targeted in
estimation. The econometric model is thus a conditional moment restriction model that can be
estimated using nonparametric instrumental variables (NPIV) methods (Newey and Powell, 2003).
For example, if the inverse demand function is approximated using the method of sieves, then a
sieve GMM estimator can be derived following Compiani (2022). From there, we apply quasi-Bayes
methods in the style of Chernozhukov and Hong (2003). We transform the GMM objective function
into a quasi-likelihood, specify priors over model parameters (or functions thereof) to regularize
and enforce constraints, and then apply Bayes rule to arrive at a quasi-posterior.

Our quasi-Bayesian NPD (QBNPD) specification offers the following advantages. First, by de-
coupling functional form from economic constraints, we can pare back assumptions on functional

form to only those which are necessary for identification and then incorporate economic constraints



via priors. This gives researchers more flexibility in the amount and type of economic regularity
imposed on their analysis, and can be easily tailored to specific empirical settings and counterfac-
tuals of interest. For example, one need not assume demand has a logit-like functional form (or
is even parametric) to ensure that estimated demand curves are downward-sloping. Second, we
arrive at a posterior by way of conditional moment restrictions rather than a likelihood which is
attractive because it (i) precludes the need for parametric assumptions on unobservable demand
shocks, and (ii) sidesteps some of the usual challenges in deriving a valid likelihood in structural
models (due to a nonlinear mapping from stochastic error terms to observed outcomes). Third, the
priors in our model naturally regularize an NPIV estimator, which is notoriously high-variance and
often empirically unstable due to the ill-posed nature of the problem (Darolles et al., 2011).

A final advantage is that enforcing theory via priors can ensure that the estimated demand
functions satisfy all desired constraints in finite samples. As a point of comparison, Compiani (2022)
imposes linear restrictions on parameters of the sieve estimator of the inverse demand function,
which can be enforced as convex constraints in the GMM program. While shape restrictions on the
demand function can imply shape restrictions on the inverse demand function, the converse need
not be true given the multivariate nature of the target function. The linear restrictions derived in
Compiani (2022) are thus necessary but not sufficient for the desired constraints on demand.! Our
approach closes this gap by using the prior to directly regularize economic functionals of demand.

Despite many conceptual advantages, our QBNPD estimator is both high-dimensional and
highly constrained which makes sampling difficult for even the best off-the-shelf algorithms. We
overcome this challenge by using a novel variant of Sequential Monte Carlo (SMC) (Doucet et al.,
2001; Chopin, 2002; Del Moral et al., 2006) introduced by Golchi and Campbell (2016). While
SMC is best known for its applications in dynamic state space models, Golchi and Campbell (2016)
show how the same iterative resampling procedures can be used for static models subject to the
prior restriction # € C(O) for some constrained set C(©) C ©. The idea is to first rewrite a
hard constraint 1(§ € C(0)) as a sequence of soft constraint functions ||0||} parameterized by a
penalty A which converges to the hard constraint as A — co. This new sequence of priors induces a
corresponding sequence of posteriors that bridges the unconstrained model to the fully constrained
model, and itself becomes the new target for sampling.”

Sampling then proceeds in two steps. In the first step, we sample from the unconstrained pos-
terior using standard Markov chain Monte Carlo (MCMC) methods. The unconstrained posterior
is well-behaved and can be sampled from using any off-the-shelf algorithm, such as Hamiltonian

Monte Carlo. In the second step, we use SMC—i.e., a series of reweighting, resampling, and particle

!To enforce constraints which are both necessary and sufficient would require solving a non-convex optimization
problem for which there are no theoretical convergence guarantees for off-the-shelf solvers. Practical convergence will
depend on the complexity of the desired constraints and on the available data. In our own testing, we found that
even the most performant nonlinear solvers in Julia’s library routinely failed to converge when applied to
NPD problems with non-convex constraints.

2The idea of using a bridging sequence of models to facilitate sampling is analogous to tempering (Del Moral
et al., 2006; Jasra et al., 2011). Note that we are tempering the prior rather than the data or likelihood, as is done
in most applications (Herbst and Schorfheide, 2014, 2019; Chen et al., 2018).


https://docs.sciml.ai/Optimization/stable/optimization_packages/nlopt/

rejuvenating steps—to move draws through the models in this sequence until we eventually reach
the limiting posterior. Intuitively, our sampling approach works by reposing an infeasible sampling
problem with a sequence of much easier sampling problems that converges to the desired problem.

We demonstrate the value of our QBNPD estimator using both Monte Carlo simulations and re-
tail scanner data. In both contexts, we evaluate our quasi-Bayes estimator against an unconstrained
GMM estimator and a constrained GMM estimator that incorporates necessary linear restrictions
(Compiani, 2022). In simulations, we consider two data-generating processes (DGPs): the first is a
simple logit specification and the second is a more complex system of substitutes and complements.
Across both DGPs, our quasi-Bayes method provides superior finite sample performance relative to
both GMM benchmarks. Specifically, we show that: (i) both constrained estimators exhibit faster
rates of convergence relative to the unconstrained estimator, (ii) the quasi-Bayes approach reliably
enforces all desired constraints; in contrast, a constrained GMM estimator continues to violate
constraints in up to half of all markets, despite the presence of linear restrictions, and (iii) the
quasi-Bayes estimator delivers lower estimation error, with the relative gains increasing with the
complexity of the DGP and/or dimension of the estimation problem. Together, our results show
that constraints help researchers make the most of the data they have, and often lead to the same
statistical accuracy as an unconstrained estimator trained with more than 10 times the amount of
data.

We then apply our methods to several consumer packaged goods (CPG) markets using two years
of standard grocery retail data spanning hundreds of stores. We motivate the use of constraints
by first documenting the performance of an unconstrained GMM estimator across 12 product
categories. We find that whenever there are more than two products, an unconstrained estimator
produces upward-sloping demand curves in more than 50% of markets. We then zoom in on four
representative product categories: Ketchup, Frozen Ice Cream, Fish Canned, and Jams, Jellies, &
Peanut Butter. The categories are representative in that they span a range of important dimensions
for our estimation problem—mnamely, the number of products, the number of subcategories, and the
nature of substitution across products and subcategories. We find that both GMM specifications
continue to exhibit prohibitively high variance and cannot reliably learn economic structure from
our data. We document differences in constraint violations, estimated elasticities, and estimated
diversion ratios across all estimators, and find that our quasi-Bayes approach delivers useful and
economically important regularization on the estimated demand functions.

Finally, we introduce an accompanying Julia package, NPDemand. j1, which implements both
GMM and quasi-Bayesian estimators with minimal user overhead. Our package relies on Turing. j1
(Ge et al., 2018), Julia’s state-of-the-art probabilistic programming language, to map our econo-
metric problem into Julia and to automate computation in the first stage of our sampling approach.
The package also includes easy-to-use functions for calculating price elasticities or predicting mar-
ket shares at counterfactual prices. We use the package to produce all of the empirical results in

the paper. Additional package details can be found in Appendix B and on


https://jamesbrandecon.github.io/NPDemand.jl/dev/

Related literature

There is a long history of testing and enforcing consumer theory when estimating flexible demand
functions (see, e.g., Deaton and Muellbauer, 1980; Hausman and Newey, 1995; Haag et al., 2009;
Hoderlein and Lewbel, 2012; Blundell et al., 2012, 2017). Until recently, empirical work in this
literature has largely focused on modeling demand for undifferentiated commodities (e.g., gasoline)
or highly aggregated expenditure groups (e.g., clothing). Berry et al. (2013) and Berry and Haile
(2014) develop novel nonparametric identification results for multi-product NPD systems, paving
the way for more flexible analyses of demand for differentiated products. Compiani (2022) presents
the first empirical approach to NPD estimation and is thus closest to our work—also serving as
one possible starting point for our quasi-Bayesian approach.

Relative to Compiani (2022), we make the following contributions. First, we generalize beyond
linear restrictions and use priors on functions of sieve coefficients to ensure the desired constraints
hold on the implied system of demand equations. In our empirical work, we show that (i) linear
restrictions alone are insufficient and often lead to appreciably large shares of violations across
markets, and (ii) priors over economic functionals effectively close this gap. Second, our approach
also allows us to consider more complex non-convex constraints while keeping the sampling problem
tractable. For example, we extend the linear cross-good monotonicity constraints developed by
Compiani (2022) to settings with multiple product groups to allow for within-group substitutes
and across-group complements. Third, our regularization approach allows us to do more with
less—we no longer require extremely large sample sizes (or prohibitively small demand systems)
in order to guarantee valid estimates of demand. For example, the empirical analysis of Compiani
(2022) estimates a demand system for two goods and 80,000 markets; in our applications, we
estimate demand systems for up to six goods using only 5,500 markets. Finally, we offer a new
software package for estimating NPD systems using both GMM and quasi-Bayes approaches.

We also contribute to the NPIV literature by offering a new applied framework for economic
regularization. NPIV models are ill-posed inverse problems that require regularization to ensure
stability in both the estimand and estimator. Several types of regularization solutions exist (see,
e.g., Carrasco et al., 2007). In this paper we focus on the method of sieves, which implicitly
regularizes through a finite-dimensional approximating space. Even if the sieve adds enough regu-
larity to ensure that the problem is well-posed, the target parameter space often remains large and
unconstrained estimators can exhibit high variance. Additional forms of explicit regularization,
such as statistical penalties (Blundell et al., 2007; Chen and Pouzo, 2012) and shape constraints
(Freyberger and Horowitz, 2015; Chetverikov and Wilhelm, 2017; Compiani, 2022; Chernozhukov
et al., 2023) can improve finite sample performance. Our approach follows in the same spirit, as we
also advocate for the use of shape constraints in NPIV estimation, though our operationalization
of constraints is novel. We believe that enforcing constraints through priors can make it easier
for researchers to bring economic intuition to bear on the analysis, and to navigate the trade-offs

between statistical flexibility and economic regularity inherent in nonparametric structural models.



Outline

The rest of the paper is organized as follows. Section 2 introduces the focal nonparametric demand
system. Section 3 outlines our proposed quasi-Bayesian estimation framework. Section 4 discusses
computation and our posterior sampling strategy. Section 5 presents a set of simulation results,
and Section 6 presents empirical evidence of the value of our approach using retail scanner data.

Section 7 discusses limitations and possible areas for future work. Section 8 concludes.

2 Demand

2.1 A Nonparametric Specification

We start by outlining a generic market-level demand model for a fixed assortment of J goods in
the style of Berry and Haile (2014). For each product j = 1,...,J and market t = 1,...,T, we
observe a market share s;;, a price pj;, and a vector of product-market characteristics x;;. We also
assume there is an unobserved product characteristic §j; that is potentially correlated with price.

The demand equation for good j in market ¢ can be written as
sjt = 05(X¢, P, &) (1)

where Xy = (x1¢,...,%Xt), Pt = (p1t,---,0Jt), and & = (&1t, ..., &5¢). The model above presents
two key econometric challenges. The first is that each demand function depends on the entire J-
vector of unobservables, and so the model is intrinsically different from statistical regression (Berry
and Haile, 2021). The second is that we allow E(&;¢|ps, X¢) # 0 and thus prices are treated as
endogenous. Both challenges can be addressed through an inversion of the demand system above.

However, such inversion is not possible without additional assumptions which we outline below.

Assumption 1 (Index). There exists an additive index structure dj; = 0(Xj¢, &) = ;-tﬁj + &t
such that 0;(Xy, pt, &) = 0j(0¢,p¢) forall j=1,...,J.

The first assumption imposes an index structure which restricts the way that the unobserved
and observed (non-price) characteristics affect demand. Such assumptions are prevalent in simpler
parametric models, as will be seen below. Note that we have assumed the entire vector of non-price
observable characteristics x;j; enter demand via the index, which is more restrictive than what is
required for identification (Berry and Haile, 2014). We maintain the assumption to simplify model

exposition, but it can in principle be relaxed.
Assumption 2 (Connected Substitutes).
(i) ok (8¢, Pt) is non-increasing in &j; for all j # k and any §;, p; € R?/.

(ii) For each 8;,p; and any nonempty J C {1,...,J}, there exists j € J and k ¢ J such that

0104, Py) is strictly decreasing in 0.



Table 1: Economic Shape Constraints

Constraint Definition

1. Own-good monotonicity 0o;/0p; <0 Vj

2. Diagonal dominance |00 /0pj| > > 4; |00k /Opj|
3. Weak substitutes (all goods) 00;/0pr > 0VY) #k

4. Weak substitutes (within groups) 00;/0pr > 0VYj #k,Gj =Gy,
5. Weak substitutes (across groups) 0o;/0px > 0Vj # k,G; # Gy
6. Weak complements (across groups) 00;/0pr <0Vj #k,G; # Gy

Notes: (1) Own-good monotonicity enforces negative own-price effects and
downward-sloping demand. (2) Weak substitutes (complements) enforces positive
(negative) cross-price effects. (3) Diagonal dominance enforces the magnitude of the
own effect to exceed the sum of the cross effects.

The second assumption is the “connected substitutes” condition of Berry et al. (2013), which
imposes minimal shape constraints on o; required for inversion. As shown in Berry and Haile
(2014, 2021) and Compiani (2022), the estimand remains highly flexible in that it subsumes many
commonly used parametric models and can accommodate assortments of both substitutable and

complementary goods.

Assumption 3 (Instruments). There exists a vector of instruments z; = (21, ...,25) excluded

from o1,...,0;5 such that E(§;;|X¢,z¢) = 0 almost surely for all j =1,...,J.

The final assumption introduces an exclusion restriction which is also commonly used to aid
identification in demand systems for differentiated goods. Together, Assumptions 1, 2, and 3 imply

that we can invert the demand system:

sjt = 05(0(%1t, €10, -+, 0(X1,E5), Pr) == X + &t = 05 ($16,- -5 5.1, i) (2)

and estimate 0~! = (071, ..., 0, ") using NPIV methods (Newey and Powell, 2003).

2.2 Economic Constraints and the Role of Functional Form

The main focus and contribution of this paper is to provide a framework for estimating the flexible
NPD system above while also ensuring that estimated system satisfies restrictions required by
economic theory. In particular, we are interested in shape restrictions on demand, like own-good
monotonicity do;/0p; < 0 (i.e., downward-sloping demand) and cross-good monotonicity to enforce
pairs of goods to be substitutes or complements. We also consider more complex variations of cross-
good monotonicity where product groups are pairwise substitutes or complements. Table 1 provides
a list of the shape constraints we consider throughout our analysis.

As discussed in Compiani (2022), the main technical challenge in enforcing shape constraints
on NPD systems is that theory places restrictions on o but o~ is the focal estimand. Because each
component Jj_l is itself a multivariate function, the mapping of constraints between o' and o is

non-trivial. Our quasi-Bayesian approach directly aids in solving this problem.



Before presenting our econometric NPD framework, we first discuss a few examples of simpler
parametric demand specifications to show that (i) many economic restrictions are implicitly enforced
via functional form, and (ii) as functional form is relaxed, more work is required to explicitly enforce

theory restrictions in estimation.

Example 1 (Logit) In the canonical logit model of demand, observed market shares represent
discrete choice outcomes among a population of consumers. Let the indirect utility of consumer ¢

for product j at time ¢ be written as
wije = 6(Xjt, Djts §jt) + €ije = 0(Xje, pje) + e + €ij- (3)
As shown in Berry (1994), we can write

edi

1+ 2i:1 ekt

Sjt = Uj((slt, v ,5Jt) = < 5(th,pjt) + gjt = IOg(Sjt/SOt) (4)
and the inverted system on the right-hand side serves as the set of linear IV estimating equations
we can take to the data. Suppose we are interested in the own-price effect Js;;/0pj:, which based

on the logit functional form can be expressed as

85]'15 _ aé(th,pjt)
Opjt Opjt

sjt(1 — sjt). (5)

Then it immediately follows that dsj:/0pjy < 0 <= 9(xji,pjt)/0p; < 0. For example, in
the usual parameterization of the index § (Xjt, pjt) = X}tﬁj + apjt, ensuring demand is downward-
sloping simply amounts to the constraint o < 0. If we specify a more flexible index structure
such as ¢ (Xjt,pjt) = ;'tﬁj + ZC?:O adp;-lt, then monotonicity requires constraints on a larger set of

parameters o € RP.

Example 2 (Mixed logit) Now consider a slightly more flexible mixed logit specification where

consumer utility is given by
uije = 0(%jt, §t) + 9(pjes i) + €ije = 0(xje) + e + 9(Pjes ) + €. (6)

Assume the price coefficient is heterogeneous across consumers and has a distribution F'(a). It
follows that
edittg(pjiia)

1+ Zi:l ekt t9(Pre;ai)

dF(0;) <= 6(x0)+&e = 05 ' (s14s- -+, 856, Pi; F)

(7)

where the inverse a;l(-;F) no longer has an analytic expression but can be characterized by

sjt = 0(01¢,- -, 076, Pt) = /

an integral over F. Therefore, ensuring ds;/0p; < 0, for example, requires jointly constraining
the functional form of g and the full distribution of heterogeneity F' € F. Even in the simplest

case with g(pji; ;) = a;pji, enforcing downward-sloping aggregate demand curves requires the



mean of «; to be negative and places restrictions on the variance and skew to limit the share of
individual-level coefficients which are positive. As the space of candidate distributions F gets larger
or g(-) is specified more flexibly, it becomes more challenging to specify and enforce the desired
shape constraints. A common approach to enforcing such constraints is to restrict F to a class of
parametric distributions defined on R™, but since F' serves as a mixing distribution for consumer-
level logit elasticities, parametric assumptions again impact the flexibility of the model (Miravete
et al., 2024). Targeting F' nonparametrically, on the other hand, offers more flexibility but also

makes enforcing monotonicity significantly more computationally challenging.

Example 3 (Inverse Product Differentiation Logit) Finally, the model introduced by Fosgerau
et al. (2024) allows for even more complex substitution patterns. The inverse demand function in
this setting involves a function of multiple other products’ market shares. The estimating equation

in this case takes the form:

D
log (%) = 05u(Xj1, pjts §ji) + Y palog (Ssj‘t >, (8)
=1 d(j)t
where d indexes a set of predefined product grouping characteristics. The second term in this
equation allows for flexible substitution patterns between products (including complementarity),
at the cost of making constraints on cross-product relationships much more complex to impose.
In this model, restricting the sign of the price coefficient in the utility function is sufficient to
restrict the sign of own-price elasticities, but cross-price elasticities are a function of a matrix
inverse that includes all grouping parameters pg and realized market shares themselves. As a
result, imposing (for example) that all cross-price elasticities are positive requires imposing complex
nonlinear constraints at all observed market shares.

The examples above show how parametric assumptions play an important role in enforcing
economic restrictions in models of demand, and that it requires more work to enforce constraints
as we start to relax functional form assumptions. While our quasi-Bayesian approach can be used
to enforce constraints in simpler parametric models, we focus on NPD specifications where heavy
regularization via functional form is intentionally absent. Finding ways to regularize using theory

is thus first-order to the measurement problem and is a key contribution of our approach.

3 A Quasi-Bayesian Approach to Estimation

3.1 From Conditional Moment Restrictions to a Quasi-Likelihood

Our starting point is the conditional moment restriction model induced by the system of inverse

demand equations in (2) and exclusion restriction in Assumption 3:

mj(aj_l) =E <X;tﬁj — UJ-_I(ét)’Xt,Zt) =0 forall j=1,...,J 9)



where aj_l is the structural function to be estimated and S; is an augmented share vector which is
J-dimensional and represents the vector of shares and any other product characteristics left outside
of the index. For example, based on the demand specification in (2) we would write §; = (s¢, pr)
and J = 2J. This notation also nests the simpler case when prices are included inside the index
and the share vector s; is the only argument of aj_l

The conditional moment restriction in (9) cannot directly serve as the basis for estimation

1 1

because it depends on o; ! which is unknown. We therefore approximate o~ = (o1 ,...,0;1) €

J
¥~ ! by a finite-dimensional sieve space E}l which becomes dense in ¥~ as T' — oo. Specifically,

we approximate each O'j_l with a tensor product sieve:

Z Zeﬂcl k; H(ﬁm (10)

k1=0 k=0

Each sieve is characterized by a set of basis functions ¢;(-) = (¢j1(-),...,¢jn;(-))" and an M-
dimensional coefficient vector 6; where M; = (K; + 1)j . While we omit any M; or T' superscripts
on @ to reduce notational burden, we include this more formal notation (and allow M; to grow
with 7") when presenting asymptotic results in Appendix A. For simplicity, we also assume that
the same basis functions ¢;(-) are used to approximate the instrument space.

Given a choice of basis functions, we can replace mj(aj_l) with its finite sample counterpart

m;(0;) = + Zthl (x;.tﬁj - 5;1(st, 0; )) ¢j(X¢,2¢) and define the statistical criterion function:

J
Z ) Q1 (6;) (11)

where 6 = (¢/,...,0;)" and Qj is an M; x M; weighting matrix. Instead of pursuing a frequen-
tist optimization-based approach to estimation, we transform the criterion function into a quasi-

likelihood and pursue a (quasi-)Bayesian sampling approach. Specifically, let
Ly(0) = e~ 2Qr(0) (12)

denote the quasi-likelihood which characterizes fit to the data with respect to model parameters.
Note that while the quasi-likelihood is not a valid density, the induced quasi-posterior will appro-

priately normalize the quasi-likelihood and integrate to one.

3.2 Incorporating Constraints via the Prior

We now turn to the specification of priors over sieve parameters § which, together with the quasi-
likelihood in (12), induce a quasi-posterior. As a starting point, consider a baseline prior specifica-
tion 7(f) for some choice of density 7(-). Absent any economic constraints, the baseline prior will

provide statistical regularization and help discipline both the estimand and estimator. The induced

10



quasi-posterior takes the form:
_ Lr(0)7(0)
7(0|Dr) = 13

where Dr = {s¢, pt, X4, Zt}thl is the set of observed data across all markets.

There are two routes to incorporating the economic constraints from Table 1 into the model
above. The first route operates through the sieve approximation of o~ inside the quasi-likelihood
and chooses basis functions which are amenable to shape constraints. This is the approach taken
by Compiani (2022)—albeit in a frequentist estimation framework—who advocates for the use of
Bernstein basis polynomials and shows that certain constraints on ¢ map to constraints on o1,
which can then be enforced via linear restrictions on polynomial coefficients 6. For example, if
demand is downward sloping (0c;/0p; < 0), then there exists an analogous restriction on a;l
which can be enforced by a linear ordering of Bernstein polynomial coefficients. This approach
can easily be enforced in the baseline model above via reparameterizations (Gelman, 2004; Pachali
et al., 2020; Gallant et al., 2022).3

While operationally simple, this first route alone is unable to guarantee that the estimated
demand system satisfies all desired economic constraints. Restrictions imposed on the inverse

~1 are generally necessary but not sufficient for the desired restrictions on o. As a result,

system o
even if we impose necessary restrictions on o', the corresponding demand system o may still
violate constraints in some markets.

The second route incorporates economic constraints into the prior directly. To this end, we

propose the following augmented prior:
7 (0) x w(0)1(0 € C(O)) (14)
which only places mass on the constrained set C(0©) C © where all desired constraints on o are

satisfied. The corresponding fully constrained quasi-posterior is:

oy - L0 )
PO = ey B0 )30 "

which inherits the support of 7*(-) and only places mass on C(©). This second route offers several
advantages relative to the first. By defining the constraint set in terms of o, we overcome the
main limitation of the reparameterization approach above. Any posterior inferences made about
demand (or functions thereof) via (15) are guaranteed to satisfy the desired economic constraints.
Moreover, in this approach we can implement more complex constraints, including those which are
nonlinear functions of model parameters. The cross-group monotonicity restrictions in Table 1, for

example, cannot be expressed as linear functions of model parameters. This approach also allows

3For example, if we want to enforce ; < 62, then we can define a transformation: (01,02) = g(th,d2) =
(01,91 + eﬁ2) where ¢ are the new unconstrained parameters. Then for any pair (91,92) € R?, we are guaranteed
to have 61 < 62 when evaluating the quasi-likelihood function Lr(g(?¥)). While we are using the two-dimensional

example for ease of illustration, we can derive a reparameterization for any set of sign and order constraints of the
form C'(©) = {6 : A9 < 0}.

11



the operationalization of constraints to be decoupled from the choice of sieve approximation. As
a result, we can in principle use a wider class of sieve approximations and need not rely on linear
polynomial approximations that lend themselves to shape constraints. If linear restrictions are
available, then the best strategy is to use both reparameterization and prior constraint approaches.
That is, we can reparameterize the model according to the necessary linear restrictions and then

specify dogmatic priors to effectively close the gap and ensure that constraints are satisfied.

3.3 Estimation and Inference Procedures

As in any Bayesian model, our inferences about model parameters (and functions thereof) come via
the (quasi-)posterior. For example, we can write the quasi-posterior mean of any target function
h(6) as:

B(H(O)Dr) = [ h(O)x(6[Dr)d0 (16)

which can be approximated via Monte Carlo integration after producing a sample of draws from
the posterior. Uncertainty quantification is also automatic given samples from the quasi-posterior.

For example, a 100(1 — )% credible region C,, satisfies

P(h(0) € Ca|Dy) = / ~(0/Dr) = 1— o (17)
{0:h(0)EC}

Such a region C,, is not unique but has many simple operationalizations. For example, a quantile-

based 100(1 — )% credible interval (c%, V) satisfies

) Ol)
P(h(f) < ck|Dr) =a/2 and P(h(0) > Y |Dr) = a/2 (18)

which can be easily approximated by the «/2 and 1 — «/2 quantiles of the empirical distribution

of draws from the quasi-posterior.

3.4 Asymptotics

While uncertainty quantification in quasi-Bayesian models is procedurally automatic, more work is
required to establish a formal link to other valid forms of inference. Here we pursue a frequentist
notion of validity based on asymptotic coverage and ask if and when quasi-Bayes credible intervals
coincide with frequentist confidence sets in large samples.* Bernstein-von Mises (BvM) results
provide such guarantees by establishing conditions under which the target quasi-posterior converges
to an appropriately centered and scaled Gaussian distribution. The seminal work of Chernozhukov
and Hong (2003) establishes a BvM for parametric models, showing that quasi-Bayes credible
intervals can exhibit asymptotically exact frequentist coverage. There are now several relevant
extensions to quasi-Bayes NPIV models. Liao and Jiang (2011) and Kato (2013) both examine
asymptotic behavior of the NPIV quasi-posterior based on a a linear sieve approximation of the

target structural function. Liao and Jiang (2011) proves that the quasi-posterior is consistent

4See Bissiri et al. (2016) for a rational belief-updating notion of validity for quasi-Bayesian inference.
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and Kato (2013) derives its limiting distribution and minimax optimal contraction rates. More
recently, Kankanala (2025) proves a nonparametric BvM for a broader class of conditional moment
restriction models using Gaussian processes to flexibly model the target structural functions.

The aforementioned literature offers a precedent for establishing BvM results for models like
ours. However, one notable difference is that our target posterior in (15) is heavily constrained.
Developing BvMs for NPIV models subject to non-trivial constraints is challenging because the true
structural function may well lie on the boundary of the feasible set—an outcome which becomes
harder to rule out when the parameter space is infinite dimensional. In this case, the resulting quasi-
posterior can fail to admit the local Gaussian approximation required for a standard BvM result
(Bochkina and Green, 2014). Establishing a novel nonparametric BvM result for this nonstandard
model would require a substantial amount of additional technical work, which is beyond the scope
of this paper. Instead, we offer asymptotic guarantees for the baseline quasi-posterior in (13) and
then advocate for the use of this model, alongside point estimates from the fully constrained model,
to provide conservative but asymptotically valid credible intervals for quantities of interest.’

The baseline quasi-posterior in (13) closely resembles the quasi-Bayes NPIV models studied in
the literature. We therefore leverage existing results, particularly those of Kato (2013), to establish
its asymptotic behavior. For the sake of brevity, we simply state the main results here in words

and leave the technical details on the setup and proof to Appendix A.

Theorem 1. Let II(:|D7) denote the baseline posterior distribution admitting the posterior density
7(0|Dr) < Ly (0)7(0), and suppose that all regularity conditions on the target structural functions
(1, 2), data (3, A8), moments (A9), conditional expectation operator (A10), sieve approzimation
(A11, A12), weighting matriz (A13), and prior (A1}, A15) hold. Then

(i) TI(-|Dr) is consistent and approzimately Gaussian in large samples;

(ii) The credible intervals derived from TI(-|Dr) have asymptotically evact frequentist coverage

under optimal weighting of the moments in Lp(6).

Proof. See Appendix A. O

4 Computation

Our next objective is to devise an approach to sample from the quasi-posterior in (15). The
advent of modern MCMC algorithms and probabilistic programming languages such as RStan (Stan
Development Team, 2024), PyMC (Abril-Pla et al., 2023), and Turing. j1 (Ge et al., 2018) have made
it much easier to effectively sample from complex and high-dimensional Bayesian models. Examples
of workhorse MCMC algorithms include random-walk Metropolis-Hastings (MH) and Hamiltonian
Monte Carlo (HMC). In both frameworks, parameters are first initialized at some value and then

in each subsequent iteration, a new candidate value is proposed and either accepted or rejected.

SCompiani (2022) follows a similar approach and only derives asymptotic results for an unconstrained GMM
estimator.
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Unconstrained
parameter space ©
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\ parameter space C(©)
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(9)
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Figure 1: Illustration of the smooth prior sequence used to bridge the unconstrained model with a
fully constrained model.

This accept/reject decision is made probabilistically using information from both the posterior and
the proposal mechanism.°

Unfortunately, the size and complexity of the constraint space in our model render even the best
off-the-shelf samplers ineffective. The proposal mechanisms inside general-purpose samplers need
not move in directions informed by the constraints, which means that many proposed values will be
rejected and the sampler will struggle to explore regions of high posterior probability. We overcome
this challenge by using a combination of MCMC and Sequential Monte Carlo (SMC). Specifically,
we first use an off-the-shelf MCMC algorithm to first sample from the baseline quasi-posterior in
(13). Since this quasi-posterior is not subject to dogmatic constraints, sampling is straightforward.
We then utilize the novel SMC algorithm of Golchi and Campbell (2016) to transform samples
from 7(0|Dr) into representative draws from 7*(6|Dr). This algorithm works by reposing the
hard constraint prior 7*(#) as the limit of a sequence of soft constraint priors, which induces a
sequence of models bridging the baseline posterior to the fully constrained posterior. SMC provides
the necessary steps to push and filter draws through this sequence, allowing us to repose a hard
sampling problem as the limit of a sequence of easier sampling problems. A graphical illustration

of our approach is shown in Figure 1, and formal details are provided below.

4.1 Setup

When taking the constrained posterior in (15) to data, we must first be able to evaluate whether a
candidate parameter 6 satisfies the desired constraints. Given the flexibility of the NPD estimand,
this requires the specification of an evaluation domain—that is, a grid of values in the domain of o
for which we check the desired properties of the Jacobian of . We therefore rewrite the constrained

set C(-) to depend on this pre-specified grid of points G.

Definition 1. Let Cg(©) = {0 € © : ¢4(0) = 0 Vg € G} where G is a grid of points in the domain

SFor more details on common MCMC algorithms, see Robert and Casella (2004) and Betancourt (2017).
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of o and c4(0) > 0 is a measure of constraint violations at g € G.

For now we remain agnostic to the choice of G. In practice, a user may want to consider the
goals of the analysis. For example, if the goal is to ensure that o satisfies the desired constraints
globally, then we should take G to be a grid of points that is sufficiently dense in the domain of . In
some cases, we may be willing to define a coarser grid, trading off global guarantees with practical
feasibility. For example, we may define G to be the unique set of domain values observed the
data, or some summary statistic of the data to represent an average market. In all such cases, our
approach ensures that prior and induced quasi-posterior satisfy the desired constraints everywhere
with respect to G.

Next, we define the sequence of models that becomes the new target for sampling. The starting
point of this sequence is the baseline quasi-posterior 7(0|Dr) o< Lp(0)7(6) and the ending point is
the fully constrained quasi-posterior 7*(0|Dr) o Lr(0)7(0)1(0 € Cg(©)). We bridge 7(0|Dr) to

7*(0|Dr) via the following sequence of penalized models.

1(0|Dr) o Lr(0)7(9)[16]1 2
7m(01Dr) o Ly (6)7(0)16] 3 (19)

(0| Dr) o LT(H)TT(G)HQH&\SJ

Here ||6?Hé‘g is a smooth penalty function, parameterized by A > 0, measuring the magnitude of
market-level constraint violations for a given §. We impose the following assumptions on HOHé‘g to

ensure that the sequence above starts and ends at the appropriate targets.

Assumption 4. (i) 0 < [|0]|z, <1 for all X > 0; (i2) |0]35° = 1; (i) |9]|3, — 1(6 € Cg(®)) as
A — 00.

In practice, we operationalize this penalty function as
A
16112, = T 2@(=Aeq(6)), (20)
geg

where ®(-) is the standard normal CDF and ¢4(6) is a measure of constraint violations at g € G.
This functional form is bounded between zero and one, equals one when A = 0, and approaches

1(0 € Cg(©)) as A — oo. Hence, all conditions of Assumption 4 are satisfied.

4.2 Sampling Algorithm

Algorithm 1 details our proposed sampling routine. In Step 1, we use MCMC to generate a set
of draws (or “particles”) from the baseline model 7(0|Dr). For this step, any performant MCMC

sampler will suffice. For instance, our implementation in NPDemand . j1 uses the No-U-Turn Sampler
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Algorithm 1

1. (MCMC) Generate an initial sample of particles {6;(o)}; from 7(8|Dr) o< Ly (8)7(6).

2. (SMC) First initialize weights W) = 1/N. Then for each m = 1,..., M, do the following to
sample from the sequence of A,,-penalized posteriors m, (6|Dr) o< L1 (0)m(0)]6]| é;"

a) Reweight: For each particle i =1,..., N, set Wiim) = Wim—1)Wi(m) where

R T
o 16:6m— o™
and then normalize weights W;.) <= Wi()/ Zf)’zl Wit(m)-
b) Resample: If ESS = (1, W2 )™ < ESSpin
i. Resample {01(—1),- -, On(m—1)} With weights {Winy, ..o, Wi 15
ii. Set Wigm) = 1/N.

c) Rejuvenate: Sample new particles from a m,, (6|Dr)-invariant transition kernel: ;) ~

(NUTS), which is an extension of the canonical Hamiltonian Monte Carlo (HMC) algorithm. Then
in Step 2, we use SMC to push draws from 7(0|Dr) through the sequence of \,,-penalized posteriors
m1(0|Dr), ..., (0)Dr) to finally produce draws from the fully constrained target 7*(6|Dr). The
SMC step executes three sub-steps described below.

Step 2(a) calculates a set of weights corresponding to the relative likelihood of each particle
under a slightly more penalized model 7,,(0|Dr) relative to m,,—1(0|Dr). Values of particles that
are closer to satisfying all constraints will be given higher weight. Then in Step 2(b), we resample
the particles according to these derived weights, which filters out parameter values that are unlikely
under 7,,(0|Dr). This resampling step is only applied when the variation in weights is sufficiently
high (and the number of unique particles starts to shrink as a result). We monitor the concentration
of weights using the effective sample size (ESS), where ESS = (32N, I/Vf(m))*1 € [1,N]. When
ESS =1 the distribution of weights is degenerate, and when ESS = N the distribution of weights
is uniform. The threshold for resampling is typically taken to be ESS,i, = N/2.

Finally, in Step 2(c), we sample new particles from an MCMC kernel which is m,,-invariant. In
other words, we use the existing N particles from 7, (0|Dr) to generate new particles from this same
distribution. This step mitigates particle degeneracy by increasing the number of unique particles
and thus “boosts” the domain for the resampling step above. Constructing an efficient transition
kernel is also straightforward. In our implementation, we use a random-walk MH algorithm where
new particles are proposed from a Gaussian distribution centered around the existing particles and

scaled by the sample covariance matrix of the existing particles (Chopin, 2002).
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4.3 Convergence Guarantees

We now provide formal results on the convergence of Algorithm 1. As discussed above, the algorithm
first relies on a standard implementation of MCMC to sample from 7(6|D7) and then uses SMC to
transform those particles into representative draws from the sequence of posteriors converging to
7*(0|Dr). While both steps are included in Algorithm 1 for completeness, we limit our discussion
of convergence to the novel SMC procedure in Step 2.

We start with a minimal set of assumptions to guarantee a well-behaved sequence of target

posteriors and then state the main convergence result in Proposition 1.
Assumption 5. Cg(©) # (.

Assumption 6. 0 < fLT(H)TT(H)HHHé‘gdH < oo for all X > 0.
Assumption 7. E([|6]37/[16]|27") < 0o for allm =1,..., M.

Proposition 1. Let Ay, ..., Ay be an increasing sequence of penalties indexing the sequence of Ap,-
penalized posteriors w1 (0|Dr), ..., ma(0|Dr) targeted in Algorithm 1. Additionally let 7 (0|Dr) =
Zf:le Wr(,?)ég(n) denote the empirical distribution of N particles at stage m = 1,..., M. Then under

Assumptions 4, 5, 6, and 7, we have
(i) #N(0Dr) S 7 (6]Dr) as N — oo;

(ii) 7 (0|Dr) — 7 (0|Dr) as Ay — 0.

Proof. Under Assumptions 5, 6, and 7 we can apply a law of large numbers to 7?7(nN)(9|DT) to

establish convergence to the stage-m target 7, (0|Dr). This is a well-established result for various
implementations of SMC (see, e.g., Crisan and Doucet, 2002; Chopin, 2004; Douc and Moulines,
2008; Beskos et al., 2016). Formally, for any bounded measurable function ¢(-), we have

D Wie(05)) =2 B, [p(0)] as N — oo (21)

which implies that the empirical distribution of particles 7?7(71N)(9|DT) converges weakly in distribu-

tion to 7, (0|Dr), establishing (i) for each posterior m = 1,..., M. Then (i) immediately follows
from Assumption 4. Together, (i) and (i7) produce the desired result. O

Finally, note that convergence of Algorithm 1 does not require the constraints to be correctly
specified. We essentially only require that the entire sequence of \,-penalized posteriors, including
the limiting posterior 7*(0|Dr), has positive mass. Hence, the only time convergence will fail is
when the implemented constraint yields a degenerate stage with undefined weights, in which case

the particle system will collapse.
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4.4 Practical Considerations

The main practical consideration in Algorithm 1 above is how to best choose the penalty sequence
A, ..., Ay Intuitively, a longer sequence with shorter intervals makes the transitions between
models easier in the sense of preserving the dispersion across particle weights. However, shorter
intervals may also be wasteful and create an unnecessary computational bottleneck. Conversely,
shorter sequences with larger intervals can pose challenges to the reweighting and resampling steps
by reducing the variation among particle weights, leading to severe particle degeneracy.

We can then think of optimizing the sequence according to the ESS, which represents a measure
of variation in particle weights. That is, given \,,, make A, 41 as large as possible subject to a
minimum ESS threshold. This is the idea of the adaptive SMC approach popularized by Jasra et al.
(2011), which we follow in our implementation. We also add a stopping rule which terminates the

loop over models once the share of constraint violations falls below a prespecified threshold.

4.5 Implementation in Julia: NPDemand. jl

We provide an accompanying Julia package (NPDemand. j1) to estimate our quasi-Bayes NPD model
using the sampling algorithm outlined above. The package is designed with a simple interface that
executes heavy computation with minimal user overhead. For example, estimation can be carried
out in only two function calls. The first function call to define problem( ) defines a problem,
similar to the PyBLP problem class (Conlon and Gortmaker, 2020), which initializes the data,
model, and estimator. The second function call to estimate! ( ) executes the desired estimation
procedure and stores results inside the problem.

Our implementation of Algorithm 1 is built on top of Turing. j1 (Ge et al., 2018), Julia’s state-
of-the-art probabilistic programming language used for advanced Bayesian computation. We also
provide functionality to estimate NPD using classical (GMM) methods relying on JuMP. j1 (Lubin
et al., 2023) as a back-end solver. More details on the package and its functionality are given in

Appendix B as well as in our package documentation on

5 Monte Carlo Simulations

In this section, we run a series of Monte Carlo simulations to evaluate the performance of QBNPD
relative to constrained and unconstrained GMM estimators. We evaluate two dimensions of model
performance: (1) the statistical accuracy of estimated price elasticities, and (2) the share of mar-
kets where the estimated demand functions align with the desired economic constraints. The two
dimensions are related in that they both reveal information about how well an estimator recovers
the system of true demand functions, but are distinct in that only the violations reveal information

about “economic fit.”
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5.1 Setup

We simulate data from two data-generating processes (DGPs), which are differentiated by their set

of admissible substitution patterns. Both assume the existence of a product-specific linear index:
djt = apjt + B + & (22)

Here pj; is an endogenous price, xj; is an exogenous product characteristic, and §;; is an unobserved
demand shock. Throughout our simulations, we let &;; ~ N(0,1), z;; ~ U(0,2), § = 1, and
a = —1. We generate prices through the equation pj; = 2z + wj; + &j¢, where zj; ~ N(0,1) and

wjr ~ U(0,0.1). We use zj; as an excluded instrument in estimation.

Logit DGP The first DGP is a simple aggregate logit model where consumers exhibit unit
demand across an assortment of .J substitutable goods. Indirect utility is specified as u;j; = 0j¢+¢;j¢-
Under the assumption of type I extreme value errors, aggregate market shares can be expressed as:
exp(di
Sjt = 7 ( J ) . (23)
14> 5 exp(Oxe)

Complements DGP Our second DGP is based on a flexible functional form for aggregate de-
mand. We assume that the J goods are partitioned into two groups which we label as G; and Gy.
G represents the set of product indices belonging to the same group as product j, but excluding
j. Gy represents the set of product indices belonging to other group. For example, if we partition
J =4 goods as {{1,2}, {3,4}}, then for j = 1 we have G; = {2} and G}, = {3,4}. Market quantities

are then given by:

7 Yoth
qjt = exp | djr + |§;WI|1 Z Ojrt + |2« e’r Z it (24)
I jrea, klyea,
which we normalize by an assumed market size to produce product shares. We set yoyn = —0.25

and Yother = 0.25 which ensures that products within the same group are substitutes and products

in different groups are complements.

5.2 Econometric NPD Specifications

In estimation, we specify a model of the following form:

Sjt = 0j ((5175, cee ,5Jt) (25)
(Sjt = apjt + /ijt + fjt (26)
and approximate o1 = (o7}, .. .,07") as in (10) using a tensor product of K-order univariate

Bernstein basis functions:

K K J
76 0) = 30 37 G TL b 50) 0
=1

k=0  k;=0
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Relative to (10), we make the simplifying assumption that the order of each univariate basis function
is the same: K; = K forall j =1,...,J.

We estimate a total of three specifications: (1) unconstrained GMM, (2) constrained GMM,
and (3) constrained quasi-Bayes. In both unconstrained and constrained specifications, we impose
some symmetry of the demand functions. In the logit DGP, we impose full exchangeability across
all J goods while in the complements DGP, we only impose exchangeability within, but not across,
each group of products. For the constrained logit specifications, we impose own-good monotonicity
(negative own-price effects), cross-good substitution, and diagonal dominance. For the constrained
complements specifications, we impose own-good monotonicity, within-group cross-good substitu-
tion, and across-group cross-good complements. The latter is meant to mimic a setting of multicate-
gory demand, where products are substitutes within a category but complements across categories.
We choose the grid over which constraints are enforced to be the set of unique product-market

shares observed in the data. We execute the analysis using our Julia package NPDemand. j1.

5.3 Results

In our first set of simulations, we examine the finite sample performance of different NPD es-
timators. For this exercise, we only use the logit DGP with J = 2 products and consider
T € {50,100, 500,1000,5000}. We simulate 100 data sets for each value of T. In estimation,
we also vary the order of K € {2,3,4}. The results are shown across Figures 2 and 3. Figure 2
reports the statistical accuracy of the estimated price elasticities and plots the median absolute de-
viation (MAD) as a function of 7'. Each line represents the MAD averaged across 100 simulations,
and the shaded regions correspond to the 10th and 90th percentiles of the MAD distribution. We
report estimation accuracy for all elasticities combined (top row), as well as the accuracy for own
and cross elasticities separately (middle and bottom rows).

The main takeaway from Figure 2 is that constraints improve finite sample performance. With
enough data, unconstrained estimators can learn the shape of the true demand functions, but the
rate of convergence is prohibitively slow. This is evidenced in our simulations by the flattening of
the solid blue line as the dimension of the sieve grows (moving across columns). We find that both
constrained estimators exhibit lower average MAD for every T and K—often by a sizable margin.
This result is consistent with the previous literature showing improved rates from monotonicity
restrictions in NPIV (e.g., Chetverikov and Wilhelm, 2017). The practical implication is that
constraints allow you to do more with less. For instance, in the case of K = 2, a constrained
estimator achieves the same statistical performance as an unconstrained estimator that uses 10
times the amount of data. We find that quasi-Bayes provides further finite sample improvements
over the constrained GMM specification, with the largest gains coming for large K and small T
Quasi-Bayes also reduces the variability of the estimates and produces a tighter range of MAD
values across simulations.

Figure 3 offers some economic rationale for the improved statistical performance offered by our

quasi-Bayes approach. We plot the distribution of market-level violations across data realizations.
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Figure 2: An example showing that constraints improve the finite sample performance of NPD
estimation. Each line represents the median absolute deviation (MAD) of price elasticities averaged
across 100 simulations for a logit DGP with J = 2 products. The shaded regions represent the 10th
and 90th percentiles of the distribution of MADs across simulation runs. The columns correspond to
different orders K of each univariate Bernstein polynomial in the tensor product sieve approximation
and the rows correspond to different sets of price elasticities.

The columns again correspond to the order of each univariate Bernstein polynomial (K) in the
overall tensor product sieve approximation. The rows now correspond to the different constraints
imposed in estimation: own-good monotonicity, cross-good substitution, and diagonal dominance.
The last row checks for violations of any of the three constraints. We find a strong correlation
between the accuracy of estimated price elasticities in Figure 2 and the alignment of the economic
properties of the true model shown in Figure 3. With more data, an unconstrained estimator will
eventually learn that demand functions are monotonically decreasing in the own price and increasing
in the cross price, and this will lead to better estimated elasticities. However, the rate at which
these shape constraints are learned is very slow. For example, even the own-good monotonicity
constraint—which is the constraint for which there is the strongest signal in the data—is violated

more than a quarter of the time on average whenever K > 2. We therefore stand to gain by
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Figure 3: The distribution of constraint violations across estimator specifications. Each point
represents the outcome from one of 100 simulation runs for a given sample size T from a logit DGP
with J = 2 products. Points are jittered about the x-axis to aid in visualization. The columns
correspond to different orders K of each univariate Bernstein polynomial in the tensor product
sieve approximation and the rows correspond to different constraints.

enforcing such constraints in estimation.

Similar to the results on estimation accuracy, we find that our quasi-Bayes approach outperforms
the constrained GMM estimator in terms of violations. Incorporating linear restrictions in the GMM
problem leads to better alignment with own and cross-good monotonicity constraints, which are
satisfied in more than 90% of markets. Diagonal dominance is satisfied less often. In contrast, our
approach to enforcing constraints through the prior ensures that they hold across all markets.

Next, we move to a slightly higher-dimensional estimation problem and examine the perfor-
mance across the two different DGPs outlined above. For each DGP, we simulate 25 data sets
with J = 4 products and T = 500 markets. We take the same three candidate estimators to the
data with K € {2,3}. The results are reported in Table 2. We report constraint violations across
markets as well as three different elasticity estimation error metrics: mean squared error (MSE),
mean absolute error (MAE), and median absolute deviation (MAD). When reporting the MSE, we
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Table 2: Simulation Results Across DGPs

GMM-U GMM-C QB-C GMM-U GMM-C QB-C

(A) Logit

Elasticity Estimation Error
- MSE 8.63 1.02 0.13 10.28 1.20 0.15
- MAE 73.87 0.92 0.14 25.62 0.85 0.16
- MAD 0.23 0.06 0.04 0.32 0.07 0.04

Markets with Violations (%)
- own-good monotonicity 30 2 0 56 3 0
- cross-good substitutes 92 38 0 97 45 0
- diagonal dominance 82 32 0 92 31 0
- any 96 50 0 99 53 0

(B) Complements

Elasticity Estimation Error
- MSE 11.90 10.74 2.48 21.2 25.8 3.47
- MAE 10.90 2.97 0.58 3.88 7.88 0.76
- MAD 0.29 0.28 0.08 0.39 0.41 0.16

Markets with Violations (%)
- own-good monotonicity 38 13 0 63 24 0
- within-group substitutes 67 64 0 80 73 0
- across-group complements 95 90 1 98 95 6
- any 99 96 1 100 19 6

Notes: (1) J =4 and T = 500. (2) K represents the order of each univariate Bernstein polynomial in the
tensor product sieve approximation. (3) Estimation error metrics are averaged across 25 simulations. (4)
The within and across group constraints used in the complements DGP do not have linear representations
so they are omitted from the constrained GMM specification. (5) We cap the number of SMC iterations to
save on total run time which contributes to the small residual share of violations for the QB-C specification
in the complements DGP.

trim the top 1% of elasticity estimates due to extreme outliers of the unconstrained specification,
in particular. The metrics reported in Table 2 are averaged across the 25 data replications.

We again find large performance gains from incorporating constraints in NPD estimation. When
K = 2, the unconstrained GMM estimator violates the simplest own-good monotonicity constraint
in more than 30% of markets in the logit DGP and 38% of markets in the complements DGP.
Constraint violations tend to increase as the dimension of the sieve space grows. Incorporating
linear restrictions into the GMM problem reduces violations and improves the accuracy of the
estimated elasticities. For example, in the logit DGP, violations of own-good monotonicity drop
from 30% to 2% when K = 2, and these reductions are accompanied by an eight-fold reduction in
the MSE and four-fold reduction to the MAD. Despite the gains, there is still sizable headroom
given that a large share of markets continue to violate some of the key shape constraints exhibited
by each DGP, despite the inclusion of linear restrictions in estimation. As we push our estimates in
the direction of the constraints holding everywhere, the estimation accuracy continues to improve.
For the logit DGP (K = 2), the MSE drops from 1.02 to 0.13 and the MAD drops from 0.06 to
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0.04. The gains are also large for the complements DGP, where the MSE is reduced by four-fold
and the MAD is reduced by more than three-fold.

In summary, we have shown through two simulation exercises that constraints improve both
statistical and economic properties of estimated NPD systems. We also find that our quasi-Bayes
estimator offers superior finite sample performance relative to a constrained GMM estimator, which
can in part be attributed to differences in the treatment of constraints. That is, our approach
ensures that the desired shape constraints hold on the target demand functions, which cannot be
guaranteed using linear restrictions alone. We show that our approach is also effective at enforcing
constraints which do not admit a linear restriction, such as constraints on cross-group substitution
that commonly arise in multicategory demand settings. In the next section we demonstrate how

many of these differences play out in retail scanner data.

6 Application to Grocery Retail Data

In this section, we provide further empirical evidence for the value of economic constraints in
nonparametric demand estimation. We use grocery retail data and estimate demand for several
categories of consumer goods. Specifically, we construct 12 separate data sets—each coming from
a different product category with its own unique characteristics, such as the number of products,
the number of subcategories, and the nature of substitution across products/subcategories. We
first show that across all 12 product categories, unconstrained NPD estimators consistently fail
to recover economically valid demand systems. We then zoom in and compare unconstrained and
constrained NPD estimates on four representative categories. We find that constraints provide much
needed economic discipline and that quasi-Bayes methods more effectively enforce such constraints.
In doing so, QBNPD provides estimates of substitution patterns that are more reasonable in both

sign and magnitude.

6.1 Data

We use point-of-sale transaction data from a regional supermarket chain in the United States with
nearly 500 stores spanning five states.” Our raw data consist of every transaction made in each store
between January 1, 2015 and December 31, 2016. We observe the quantity, price, and promotional
activity for each UPC scanned at the register. We also observe wholesale prices which we use as
excluded price instruments in estimation.

We construct data sets for several product categories. Examples of product categories include
Frozen Ice Cream, Mayonnaise, Snacks, and Jams, Jellies, & Peanut Butter. Within each category,
we select all non-fringe brands from the most popular 1-2 subcategories. A list of all product
categories and subcategories is provided in Table 3. We aggregate UPCs across pack sizes and

types to define products at the brand-subcategory level, and define markets at the ZIP3-week level.

"The data are provided by DecaData, ( ).

24


https://decadata.io

Table 3: Description of Product Categories

Category Subcategories (number of products)

1 Baking Goods Cake Mix (5), Frosting (3)

2 Beer Premium (4), Economy (3)

3 Butter, Margarine, & Spreads =~ Margarine and Spreads (4), Butter (2)

4 Cookies Regular (4)

5 Fish Canned Chunk Light Tuna (3), Solid White Tuna (2)
6 Franks Meat (2), Beef (3)

7  Frozen Ice Cream Premium (4)

8 Frozen Pizza Value (1), Core (4)

9 Jams, Jellies, & Peanut Butter Peanut Butter (4), Jams, Jellies, Preserves (2)
10 Ketchup Regular (2)
11  Mayonnaise Regular (3), Light (3)
12 Snacks Potato Chips (4), Tortilla Chips (4)

In total, each data set contains T' = 5, 565 markets and includes anywhere from J = 2 to 8 products.

Additional data processing details are provided in Appendix C.

6.2 Econometric NPD Specifications
We specify the market share for product j = 1,...,J in each market t =1,...,7T as
sjt = 05 (61 (X1, P16, €18)5 - - -5 00 (Xge, Dty Egt)) (28)

where xj; is a vector of product-market characteristics, p;; is price, and &y, is an unobserved

demand shock. We model the product indicies d;(-) as linear functions of product characteristics:

LFE/
0;(Xjts Pjt, Ejt) = QPjme + Brf " +Xjy v + Ejie (29)
where x?fomo is a feature promotion variable and )"(?tE is a vector of the remaining product-market

characteristics including year, quarter, state, holiday, and product dummies. We normalize o = 1
and drop one level from each variable contained in iftE

Note that relative to (2), we have made the additional assumption that prices enter via the
index. While this specification is more restrictive, we believe this is a reasonable starting point
for two reasons. First, the model remains flexible in that we have not placed any restrictions on
the ways that the indices interact in the production of demand. Second, as we will show below,
the estimated demand functions are sufficiently noisy and continue to violate constraints despite
the added structure. The problem will become worse as the assumptions are relaxed, which only

further motivates our regularizing quasi-Bayes approach.

As described in Section 2, we can invert o1, ...,0; to get the following system of equations:
Pjt = 05 (510, -5 851) — Bab O = X5y — & (30)

Each inverse demand equation has two sets of endogenous variables: shares and prices. We use
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feature promotions as included instruments and wholesale prices as excluded instruments. Table D1
reports R? and F-test statistics from the first-stage price regressions and shows that the instruments

are relevant.

6.3 Estimation Details

We approximate o1

using the same tensor product sieve as in (27) where each univariate Bern-
stein basis function has order K; = K. As in any nonparametric analysis, there is a question of
how to choose tuning parameters like K which govern the dimension of the approximation. In
practice, researchers often rely on cross-validation procedures and choose the value of the tuning
parameter which minimizes the mean-squared error (MSE). However, cross-validation produces a
biased estimate of the MSE in models with endogeneity and is therefore an invalid procedure for
selecting K in our analysis (Chen et al., 2024). Given that our goal is to show the empirical value
of economic constraints, we instead take several specifications to the data (K € {2,3}) and simply
compare the resulting elasticity estimates in terms of their sign and magnitude. As we will show,
unconstrained GMM estimators already tend to exhibit high variance when K = 2, so our approach
to regularization should become more valuable as the dimension of the sieve space grows.

We consider the same three candidate estimators as in our simulation experiments: (1) uncon-
strained GMM, (2) constrained GMM, and (3) constrained quasi-Bayes. In both unconstrained and
constrained specifications, we assume that demand is exchangeable within but not across product
subcategories. For categories exclusively comprised of substitutes, we impose the following three
constraints: own-good monotonicity (negative own-price effects), cross-good substitution (positive
cross-price effects), and diagonal dominance. For categories with a complementary subcategories,
we impose own-good monotonicity, cross-good substitution within subcategory, and cross-good
complementarity across subcategories. In our quasi-Bayes approach, we incorporate linear restric-
tions via a reparameterization and then specify priors of the form in (14), where the constrained
set Cg(O) is defined over a grid of “in-sample” shares. We also specify Gaussian baseline priors
7(#) with a mean of zero and a variance of 100.

The analysis is carried out using our Julia package NPDemand. j1. For the quasi-Bayes specifica-
tion, we first estimate a model using only linear restrictions that can be encoded using reparameter-
izations. We sample from this model’s posterior distribution using the No-U-Turn Sampler (NUTS)
(Hoffman and Gelman, 2014) with 1000 adaption steps and a target accept ratio of 0.65. We run
the sampler for 2,500 iterations and discard the first 20% of draws as burn-in. We then implement
the constrained SMC method outlined in Section 4.2. For this, we follow the adaptive approach
popularized by Jasra et al. (2011) which solves for an optimal sequence of penalty values A subject
to a minimum ESS threshold, which we set to 500. We stop the sampler whenever the share of
markets violating any constraints falls below 0.1%. For the final particle rejuvination step in Al-
gorithm 1, we use 20 iterations of a random-walk MH algorithm with Gaussian proposals centered

at the current particles and scaled by the sample covariance matrix of the current particles.
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Figure 4: Share of markets violating own-good monotonicity when NPD is estimated via GMM
without any economic shape constraints. Product categories are ordered by J. K represents the
degree of each univariate Bernstein polynomial in the tensor product sieve approximation.

6.4 Results
Constraint violations

We start our analysis by exploring the performance of an unconstrained GMM estimator across
a large set of product categories. In each category, we compute the share of markets violating
own-good monotonicity which should be the easiest of the shape constraints to satisfy. The results
are displayed in Figure 4. We arrange the 12 product categories in ascending order by J. Ketchup
is the smallest product category with J = 2 products and Baking Goods and Snacks are the largest
categories with J = 8 products.

There are two takeaways from Figure 4. The first is that the share of violations is appreciably
large across all categories. For instance, whenever J > 2, the unconstrained estimator produces
upward-sloping demand curves in more than half of the markets in our data. The second takeaway
is that the share of violations tends to increase as the dimension of the estimation problem grows.
Since T is fixed in our analysis, we are asking more of the data as we increase either J or K. This
in turn makes it harder for an unconstrained estimator to learn economic structure. Together, the
results highlight the practical challenges of NPD estimation in finite samples and call for judicious
constraints to ensure that the estimated demand system adheres to economic principles.

We now move to a smaller set of representative categories and report more detailed results for
the three candidate estimators. For ease of exposition, we only discuss results from the K = 2
specification. Estimates from the K = 3 specification are qualitatively similar and the insights do
not change. We report results for the following four categories: Ketchup (J = 2), Frozen Ice Cream
(J = 4), Fish Canned (J = 5), and Jams, Jellies, & Peanut Butter (J = 6). We choose these
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Table 4: Share of Markets Violating Constraints

GMM-unconstrained GMM-constrained QB-constrained

Ketchup
- own-good monotonicity 18 0 0
- cross-good substitutes 32 0 0
- diagonal dominance 87 25 0
- any 92 25 0
Frozen Ice Cream
- own-good monotonicity 74 94 0
- cross-good substitutes 100 99 0
- diagonal dominance 95 97 0
- any 100 99 0
Fish Canned
- own-good monotonicity 91 38 0
- cross-good substitutes 100 98 0
- diagonal dominance 100 69 0
- any 100 98 0
Jams, Jellies, €/ Peanut Butter
- own-good monotonicity 98 97 0
- within-group substitutes 92 93 0
- across-group complements 100 100 0
- any 100 100 0

Notes: Constraints are checked across all estimated market-level demand Jacobian matrices. When
checking sign restrictions, we say that a constraint is violated if any of the element-wise sign restrictions
are violated.

categories because they span several important dimensions, including the number of products, the
number of subcategories, and the nature of cross-subcategory substitution. For example, Ketchup
and Frozen Ice Cream each have only one subcategory while Fish Canned and Jams, Jellies, &
Peanut Butter each have two. In Fish Canned, the two subcategories (“Chunk Light” vs. “Solid
White”) are substitutes while in Jams, Jellies, & Peanut Butter, the two subcategories (“Jams,
Jellies, Preserves” and “Peanut Butter”) are complements. Thus, across the four categories we
can highlight the flexibility of NPD and the ability to accommodate flexible cross-product and
cross-subcategory substitution, as well as the value of our quasi-Bayes approach to disciplining
high-dimensional NPD estimators.

Table 4 reports the share of markets violating the desired economic constraints for each of the
four categories and each of the three NPD specifications. We report violations of each constraint
separately, but also include a row that reports the share of markets violating any of the desired
constraints. We find that an unconstrained GMM specification struggles to recover economic struc-
ture. In all four categories, the share of markets violating any of the desired constraints exceeds
90%. Incorporating (necessary) linear restrictions into the GMM problem tends to help, but leaves
an appreciable share of markets with demand functions violating economic theory. The residual

violations are especially large for the bigger demand systems. For instance, linear restrictions are
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sufficient for enforcing own-good monotonicity in the J = 2 system for Ketchup, but produce (at
least one) upward-sloping demand curve in 94% of markets in the Frozen Ice Cream category, 38%
of markets in the Fish Canned category, and 97% of markets in the Jams, Jellies, & Peanut But-
ter category. Our quasi-Bayes approach closes this gap and produces estimated demand functions

which satisfy the desired constraints across all markets.

Price elasticities

Next, we move on to investigate the impact of constraints on the sign and magnitude of estimated
elasticities. Figure 5 plots the marginal distributions of each specification’s estimated elasticities
across all products and markets. The rows correspond to product categories and the columns
correspond to the three types of price elasticities: own elasticities, cross (within-subcategory) elas-
ticities, and cross (across subcategory) elasticities. Note that Fish Canned and Jams, Jellies, &
Peanut Butter are the only two categories with multiple subcategories, and thus the only two cat-
egories where the notion of across-subcategory substitution is relevant. In total, there are 94,605
own-price elasticities, 200,340 cross-price (within-subcategory) elasticities, and 155,820 cross-price
(across-subcategory) elasticities.

We find that that constraints deliver useful regularization.® When left unconstrained, GMM
estimators are extremely high variance. Across all categories, 21% of product-market own-price
elasticities are larger than 50 in magnitude and 45% are incorrectly signed. Incorporating linear
restrictions tends to shift the distribution of estimates in the right direction, corroborating the
results of Table 4. However, the distribution of estimates remains widely dispersed and the estimator
cannot guarantee that the monotonicity constraints hold across all markets. For instance, 28%
of all own-price elasticities remain incorrectly signed. In comparison to GMM, the quasi-Bayes
specification effectively shrinks the tails and shifts the location to ensure that all elasticities are
correctly signed.

Figure 6 provides a different view on the dispersion of elasticity estimates by plotting own-price
elasticities against prices (top row) and shares (bottom row). We find that the largest elasticities
(in magnitude) tend to come from markets with very small market shares, which helps rationalize
the wide tails of the distributions reported in Figure 5. More generally, we find that the magnitude
of own elasticities tends to decrease in shares and increase in prices, as one might expect. However,
both GMM estimators are noticeably high-variance. Unconstrained estimates are scattered across
the (-10%, 10%) interval, becoming larger in magnitude in both positive and negative directions as
shares get smaller. Incorporating linear constraints does correct the sign of some estimates, but the
distribution of estimates still spans the (-10%, 10*) interval. In contrast, our quasi-Bayes estimator
produces a much tighter range of estimates that are correctly signed across all markets.

Taken together, Figures 5 and 6 provide visual evidence that GMM estimators are prohibitively

8Figure D1 plots the joint distribution of own-price elasticity estimates for each possible pair of estimators. We
also separately report the constrained quasi-Bayes estimates before SMC (where only linear restrictions are imposed)
and after SMC to showcase the incremental value of economic regularization induced by the hard constraint in (14).
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Figure 5: Marginal distributions of all product-market price elasticities across specifications. The
columns correspond to the different types of price elasticities and the rows are different product
categories. The Ketchup and Frozen Ice Cream categories only contain one subcategory and there-
fore only have within-subcategory cross-price elasticities. Subcategories are substitutes in the Fish
Canned category and complements in the Jams, Jellies, & Peanut Butter category. White vertical
lines represent the median elasticity across all products and markets.

high-variance, producing product-market elasticity estimates that are often incorrectly signed and
orders of magnitude larger than one may expect. In Appendix D, we provide evidence that the
same insights hold when elasticities are aggregated over markets and reported at the product level.
Table D2 reports the median own-price estimated elasticity for each of the 17 products in our
data. We find that the unconstrained GMM estimator produces incorrectly signed estimates for
about half of the products. Enforcing linear restrictions in the GMM problem leads to negative

own-price effects for 15 of the 17 total products, and corrects the sign for seven out of the nine
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Figure 6: Own-price elasticities plotted against prices and shares. We average elasticity estimates
up to the product-ZIP3-year-quarter level to aid in visualization.

incorrectly signed estimates from the unconstrained specification. However, many of the linearly
constrained estimates are still large in magnitude (e.g., two point estimates are larger than 100
in absolute value) and also exhibit large sampling uncertainty. Quasi-Bayes estimates provide

additional improvements, ensuring that all point estimates are negative.”

Diversion ratios

For our last set of empirical results, we present estimates of diversion ratios which offer a comple-
mentary perspective on substitution patterns relative to the estimated price elasticities reported

above. Diversion ratios are defined as:

0oy, /0p;
D = —— 78 31
= T0,/p,| (1)

Tt is also worth noting that some of the product-level NPD elasticities reported in Table D2 are larger in
magnitude relative to estimates reported in the literature from similar CPG markets but based on more restrictive
logit-like specifications of demand. This is perhaps not surprising given that the logit functional form also regularizes,
and so paring back functional form could indeed lead to a wider range of admissible estimates on any given data set.
For example, Compiani (2022) also finds that NPD produces larger elasticities in magnitude than a standard mixed
logit model. While we do not find any systematic differences in the magnitude of elasticity estimates across GMM
vs. quasi-Bayes specifications, some quasi-Bayes estimates are larger than GMM estimates. This is a consequence of
regularization and the way we operationalize constraints—i.e., we require the constraints to hold across all markets
in our data. If the researcher only requires constraints to be satisfied over a smaller set of points, such as median
elasticity values, then the amount of regularization could change. We return to discuss this point in Section 7.
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Table 5: Diversion Ratio Estimates Across Products and Markets

1st  10th 50th 90th  99th

Ketchup
- GMM-unconstrained -4.78 0.00 0.63 2.21 16.98
- GMM-constrained 0.00 0.01 0.22 1.16 8.94
- QB-constrained 0.31 032 036 043 0.61
Frozen Ice Cream
- GMM-unconstrained -29.39  -2.17 0.14 3.13 33.58
- GMM-constrained -15.77  -0.88  0.13 1.98 13.41
- QB-constrained 0.20 0.22 023 025 0.27
Fish Canned
- GMM-unconstrained -36.93 -2.77 0.10 3.29 35.73
- GMM-constrained -8.43 -0.24 0.03 0.94 10.22
- QB-constrained 0.07 0.07 0.15 0.22 0.25
Jams, Jellies, €& Peanut Butter
- GMM-unconstrained -36.97 -2.99 0.04 3.00 36.38
- GMM-constrained -58.27 -4.22 0.03 4.55 61.62
- QB-constrained -0.57 -0.51 -0.15 0.35 1.29

Notes: The table reports percentiles of the distribution of diversion ratios
Dk for all product pairs (4, k) and markets ¢.

and provide a measure of the direction of substitution when the price of good j increases. Diversion
ratios are also focal arguments of a multi-product firm’s first-order conditions, and as such, are of
central importance to the analysis of horizontal mergers and unilateral price effects (Conlon and
Mortimer, 2021).

Table 5 reports various percentiles of the distribution of product-market diversion ratio esti-
mates. Not surprisingly, we find that a lack of economic structure in the estimated demand functions
translates to unreasonable estimates of diversion ratios. For example, estimates of upward-sloping
demand from GMM specifications lead to negative diversion ratios, implying that price increases
can steal customers away from competitors. Diversion ratios should also be bound between zero
and one, which is not guaranteed to hold in a nonparametric system without diagonal-dominance-
like restrictions tying together the magnitude of the own-price effects with the sum of cross-price
effcets. The quasi-Bayes estimator produces improved diversion ratio estimates that fall in the unit
interval. The only exception is the Jams, Jellies, & Peanut Butter category which contains negative

estimates due to the presence of complements and a small share of estimates larger than one.

7 Extensions

Although our QBNPD estimation method delivers several improvements over existing NPD esti-

mation approaches, it still has its own limitations. We see multiple directions for future research.
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Constraints. In all of our empirical work, we enforce constraints on a pre-specified grid of “in-
sample” market shares. There are two potential drawbacks to this approach. First, by requiring
constraints to hold everywhere on this large grid, we are inducing significant bias. Although (quasi-
)Bayesian models tend to favorably navigate the bias-variance tradeoff, the magnitude of bias may
be undesirable if all that is required for the analysis is that constraints should hold at some small
representative set of shares. In this case, researchers can easily change the specification of G and
continue to use our framework to ensure that constraints hold on this smaller grid. Second, because
this grid is defined prior to estimation, it is possible that our approach here is both stronger than
strictly necessary (because it enforces constraints on many irrelevant points) and may not enforce
constraints on important parts of the domain. A fruitful extension of this work would be to define
model- and data-informed constraint grids. For example, enforcing constraints only at or near
counterfactuals of interest, or at chosen model equilibria, may provide sufficient regularization for
some settings and would require significantly weaker assumptions than the constraints we currently

impose.

Asymptotics. Our Monte Carlo simulation results raise several open questions about the the-
oretical advantages offered by our constrained QBNPD estimator and what can be said about its
behavior in large samples. For example, the results of Figure 2 suggest that more judicious con-
straints can deliver faster rates of convergence. Future work could consider characterizing such
gains via non-asymptotic bounds on the frequentist risk (Chetverikov and Wilhelm, 2017) or a
novel BvM (Bochkina and Green, 2014; Gallant et al., 2022).

Curse of dimensionality. Our quasi-Bayes approach to regularizing demand can in principle
accommodate any nonparametric approximation of (inverse) demand. In our analysis, we use linear
sieves which are well-studied and have been shown to exhibit many attractive theoretical properties
in NPIV settings. However, linear sieves are also subject to a curse of dimensionality that renders
them impractical for a lot of applied work. We see two fruitful paths forward. The first is to
impose additional restrictions on the type and interaction of basis functions used. For example,
Bernstein sieves grow exponentially in J, but it is possible that much smaller sieves may well-
approximate simple inverse demand functions. One option is to then drop some interaction terms
in a common sieve, as in Christensen (2017). Although this is beyond the scope of this paper,
we show preliminary evidence in Table D3 that our complements DGP can be approximated well
by fewer parameters than the number induced by a tensor product of Bernstein polynomials. We
have also implemented options in NPDemand. j1 to allow for low-dimensional polynomials so that
researchers can explore the practical performance of this approach. A second path forward is to
move beyond the class of linear sieves and turn to a growing class of ML-based NPIV estimators.
For example, Chiang et al. (2026) exploit the scalability of variational method of moments (Bennett
and Kallus, 2023) to estimate nonparametric supply functions for up to J = 30 goods. Future work

could integrate such estimators into our quasi-Bayes regularization framework.
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Cross-market heterogeneity. We also see value in exploring methods for incorporating addi-
tional market-level heterogeneity into the specification of demand. In our analysis, we assume that
prices and all other observed market characteristics affect demand only through product indices.
While we believe this is a reasonable assumption given the goals of the paper, it does restrict the de-
gree of market heterogeneity captured by our empirical specifications. The “simplest” solution is to
include prices and/or market-level data as extra covariates in the inverse demand functions—with
the caveat that the dimension of the estimand will increase, raising concerns to the practicality of
linear sieves as discussed above. In some cases, researchers may also have access to individual-level
data, which could be incorporated similarly by including market-level moments of individual-level
information in the inverse demand function. In the longer term, identifying routes that are closer
to the “micro moments” used in mixed logit estimation (Conlon and Gortmaker, 2025) would likely

provide significantly more identifying power.

8 Conclusion

In this paper, we propose a quasi-Bayesian approach to estimating multi-product NPD systems
subject to economic constraints. Our approach transforms a classical nonparametric estimator of
(inverse) demand functions into a quasi-likelihood and then uses priors to regularize towards the-
ory. We employ a novel Sequential Monte Carlo sampling algorithm which targets a sequence of
posteriors with softened constraints converging to the desired hard constraint. We use simulated
data to show that our approach delivers superior finite sample performance relative to two bench-
mark GMM estimators. We also apply our methods to grocery retail data and estimate demand for
several CPG categories which together span 17 products and more than 450,000 product-market
elasticities. Our results show that our quasi-Bayes delivers useful economic regularization. The
analysis throughout the paper showcases our accompanying Julia package NPDemand. j1, which al-
lows researchers to estimate NPD using both GMM and quasi-Bayes estimators—all with minimal
user overhead. We hope that our methods and tools, accompanied by evidence of their practi-
cal value, provide a useful step forward and encourage other researchers to test nonparametric

approaches in their analysis of consumer demand.
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APPENDIX

A  Proof of Theorem 1

In this appendix, we show that the baseline quasi-posterior 7(6|Dr) o< Lp(6)7(0) fits within the
general framework of Kato (2013) and thus possesses the nice asymptotic properties stated in

Theorem 1.

A.1 Setup

For ease of exposition, we focus on the following model:
zit = hoj(ye) +&e, E(&elwe) =0, j=1,...,J (32)

where z;; € R is the outcome variable, y; € YV C RP represents the endogenous variable(s),
w; € W C RP represents the exogenous variable(s), and hoj € H is one of j = 1,...,J true the
structural functions of interest. Let D; = {xj;,y+, Wi} denote the set of observed variables which
are IID over t = 1,...,T. Going forward, we drop the ¢ subscript unless necessary.

To equate (32) to the conditional moment restriction model in (9), assume without loss of
generality there is only one observed non-price characteristic x;; with normalized 8; = 1 and let
yi =8, wp = (Xy,20), D = J, and hi(-) = O'j_l(~). The structure of (32) also matches the NPD
model for which Compiani (2022) derives asymptotic results.

A.2 Discussion of Assumptions

In what follows let C' denote some positive and sufficiently large constant and let ¢ denote a positive
and sufficiently small constant. We start with the following assumptions about the observed data

and moments.
Assumption A8 (Data).
(1) (y,w) has a joint density f(y,w) on Y x W which satisfies fyw(y,w) < C.
(i) Y =W =[0,1]P.
Assumption A9. forallj=1,....J,k=1,...,J, and j # k we have
(i) supyew E(&F|w) < C;
(1) supyew E(§;kIw) < C;
(1it) Supyeyy E(ffl(]&?\ > A)|w) = 0 as A — oo;
(i) E(|&|>T0) < C for some § > 0;

(v) E(|&;&|"+) < C for some &' > 0.
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Assumptions A8 and A9 are standard in the NPIV literature. Conditions on the random
variables and associated densities in A8 are basic ingredients that help establish regularities in
the tools of functional analysis used throughout. Assumption A9(i) helps ensure finite population
variances and A9(ii7) is a uniform integrability condition which is assumed by Compiani (2022) and
eventually required by Kato (2013) to establish sharper contraction rates. Assumptions 2(ii), (iv),
and (iv) impose additional regularity on cross-equation covariances in our system of J structural
functions.

We now turn to the identification of each structural function hg;. Let T : Lo([0,1]P) —
L»([0,1]P) denote the linear operator defined by T(h;)(w) = E(h;(y)|w)fw(w) and rj(w) =
E(x;|w)fw(w). We can then rewrite the NPIV model in (32) as the following operator equation.

Thoj =T (33)
Assumption A10 (Operator). The operator T is injective.

While Assumption A10 ensures that hg; is identified, recovering hg; from the data requires an
inversion hg; = ']I‘_lrj. Because T is a compact operator, its singular values tend towards zero
and small changes in 7; can imply arbitrarily large changes in ho; making it hard to infer the true
function from even large amounts of data. It is in this sense that the problem is ill-posed.

Our first layer of regularization comes via assumptions of smoothness and a subsequent series
representation (Blundell et al., 2007; Chen and Pouzo, 2012; Chen and Christensen, 2018).

Assumption A11 (Smoothness). Fach of the true structural functions hoi,...,hos belongs to a

Hélder class H*® with smoothness parameter s > D /2.

Following Assumption All, we can write

KO] KO]
ho; (y) Z Z 0051k H Djk, (Ye) (34)
k1=0 kp=
for a set of basis functions gb;-wj () = (¢1(), ..., #jn;, (+))" and some sufficiently large values Ko, . . ., Ko

We approximate each series representation above by a finite-dimensional sum:

Z Z Oy -k Hgb]k‘g Ye) (35)

k1=0 kp=

Hence, each structural function h; is approximated by a tensor product of univariate basis functions
of order K. Let M; = (K;+1)P denote the corresponding sieve dimension for h; and M = Z}']:1 M;
denote the sieve dimension for the entire system of equations h = (hq,...,hy). While we do not

include 7" subscripts on M or M;, we allow both to grow with 7.
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Going forward, it will be useful to define

M .
G =E(¢; 7 (W)~ (w)') (36)
;= E(6;" (W), (v)) (37)
1o
as well as the basis sup-norm Cij = Supywew |G, quj% (w)|| with ¢y = max(¢M, ... ,nyv’).

We impose the following regularity conditions on the basis functions.

Assumption A12 (Basis functions).

(i) 637 ()= ¢y () forall j#k, j=1,.... 0, k=1,...,J

(11) We use the same basis ¢(-) to approzimate the structural functions h; € H as we do to

approximate the space of instruments.
(iii) Smin(Gj) > C~P for all M; > My; and for each j =1,...,J;

i) There exists s; > 0 such that $pyn(V;) > C M. ™ for all M; > My; and for each j =
J J j J j
1,...,J;

(v) [E(6}" (w)(hoj — hy)(¥)Il < C717 |hoj — hyl| for all My > Mo; and for each j=1,...,J.

Assumptions A12(i) and (7i) are not necessary but are consistent with our operationalization
and are thus imposed for simplicity. Assumptions A12(iii) and (iv) bound the smallest singular
values of GG; and ¥; away from zero to ensure invertibility. Note that we can accordingly define
a sieve measure of ill-posedness as TJM I = smin(V;) which is the reciprocal of the measure of ill-
posedness typically used in the literature (Blundell et al., 2007). To define a single measure across

the system of functions, let 73y = max(TlMl, .. ,T}w").

Lastly, Assumption A12(v) represents a
stability condition on the bias hgj — h;.
Next, we define the quasi-likelihood. Following Section 3, we start with the conditional moment

restriction model induced by (32):
m;(hoj) = E(z; — hoj(y)|lw) =0, j=1,....J (38)

which is approximated by 77 (ijj ) where Qj-wj is the vector of coefficients on the sieve approximation
h;(y; 95%) in (35). Let 6M = ((6}y, ..., (99/[‘7)’)’ denote the M-dimensional vector of parameters
across all J demand equations with corresponding “true” values 9(])\40 = ( (6?(])\/1101)’ e (Qé\fj,w ).

Define the quasi-likelihood as Ly (M) = e~ 2Qr(0") \here:

J
o aMiva o oM
Qr(0™) = (057 Qs (6;7) (39)
j=1
A~ M]‘ 1 T . Mj Mj A . . . . . .
and 1;(0;7) = 7> (xjp—h(yi:0;7))-¢; 7 (W) and €2 is a M; x M; weighting matrix satisfying

the following properties.
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Assumption A13 (Weighting matrix). There exists a set of symmetric weighting matrices Qq,...,8;
such that:

(i) HQ] — Q|| = o(yr) with yyM; — 0 for each j =1,...,J;

(it) P(c < Amin(25) < Amax(j) < C) =1 foreach j=1,...,J.

Each target function is estimated via ﬂj(y; GA;V[] ) = ¢Mj

: (y)’éij where

(w)'x; (40)
and <1A[>j = % Z;‘FZI gzbj-wj (Wt)cﬁ;wj (y¢)" is the finite-sample analog of ®;. Stacking the J estimators
together yields

~ 1 A, 4 A

oM = f(Q'QCD)_l(I)'QqSM(W)’X (41)

where & = diag(@l, L0, 0= diag(Ql, e QJ), and ¢M () = ( lel(-), e ¢JM‘]())’ The asymp-

totic variance takes the form:
A 1
V(oM = f(<1>’Q<I>)_1<I>’QZQ<I>(<I>’Q<I>)‘1 (42)

where Y is the M x M covariance matrix of the stacked sample moments and is comprised of the

M; x M}, submatrices
ik = B(&i&s;” (W)op (w)'). (43)

Finally, we turn to the specification of suitable priors on parameters 8 which add another
layer of regularization to the model. Let II(-) denote the prior distribution which admits density

7(-). We require the following two prior regularity conditions to hold.

Assumption A14 (Prior small ball). There ezists a constant Cy > 0 such that for all T sufficiently
large, TI(||0™ — 057|| 2 < er) > e=CoTer as ep — 0.

Assumption A15 (Prior flatness). Let y(er) = M~%/P 41 tep. There exists a sequence By — oo
sufficiently slowly such that for all T sufficiently large, 7(0M) is positive for all ||6M — 9(1)\40” <
Brvy(er) and

7 (63 + oM)

- I ~. . 1
7 (6370 + M)

sup
0M | <Bry(er), 10M||<Bry(er)

—0 as er—0.

Assumption A14 ensures that the prior assigns sufficient mass to small neighborhoods around
the true parameter 6y. Assumption A15 requires the prior to become sufficiently flat in a ball
centered around 6. Both conditions, in some form, are required to establish nonparametric BvM
results (Ghosal and van der Vaart, 2017). In our operationalization, for example, we assume the
baseline prior is Gaussian: 8 ~ N(0,a~21,;). Hence, we can write 7(6M) = szl HkMZJl o(0ji)/a,
where (+) is the standard normal density function. Kato (2013) shows that this type of Gaussian
“product prior” satisfies Assumptions A14 and A15.
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A.3 Results

Theorem 1. Let II(-|Dy) denote the baseline posterior distribution admitting the posterior den-
sity T(OM D7) oc Lr(0M)7(0M), and suppose that all regularity conditions on the target structural
functions (1, 2), data (3, A8), moments (A9), conditional expectation operator (A10), sieve ap-
prozimation (Al11, A12), weighting matriz (A13), and prior (A14, A15) hold. Then

(i) T(-|Dr) is consistent and approzimately Gaussian in large samples;

(ii) The credible intervals derived from TI(-|Dr) have asymptotically exact frequentist coverage

under optimal weighting of the moments in Lp(6™).

Proof. Of the assumptions stated above, we introduce A9(ii), A9(iv), A9(v) and Al13 to extend
the results of Kato (2013) to a setting that includes a non-diagonal weighting matrix and a system
of J multivariate structural functions. We also modify some of the basis function assumptions in

A12 to be consistent with this setup (e.g., see also Chen and Christensen, 2018; Compiani, 2022).

(1) Consistency and asymptotic normality follow from Theorems 1-2 in Kato (2013). Specifically,
Theorem 1 establishes both consistency and asymptotic normality, and Theorem 2 estab-
lishes sharper contraction rates under an additional uniform integrability condition stated in

Assumption A9(4i7). We state the main results here for completeness.

Consistency. If we let M — oo in such a way that (3, log M /T = o(%,), then there exists
a constant C' > 0 such that

I (||9M — o)) > (M 4 7 /MJT) | DT> 0. (44)

BvM. If we let M — oo in such a way that (§; log M/T = o(73;), then

Hl:[(~\DT) - N(éM,T_l(CI)’QcID)_l)(-)HTV ~ 0. (45)

(7i) Establishing an asymptotic equivalence between quasi-Bayes credible intervals and frequentist

confidence intervals amounts to showing that the limiting variance of the quasi-posterior

matches the asymptotic variance of an efficient frequentist estimator OM . As can be seen in

(45), the limiting variance of the quasi-posterior does not match the asymptotic variance in
(42). However, if we take 2 = 71 where the elements 3,5, are defined in (43), then

V(M) = T7H(9'Qd) 1 'QE0d(9'Qd) ! (46)
T He's o) lo/nun1e(e'0d) !
T

1(@/271®)71

which does match the limiting variance of the quasi-posterior in (45).
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B NPDemand.jl Package Usage and Examples

In order to begin using NPDemand. j1, one has to structure data as in Table B1. Here, we show an
example data frame for a problem in which the index contains prices and a second characteristic
x. For each product (indexed starting at 0), the data frame should have a numbered column for
shares, prices, x, share_iv, and price_iv. The first three are straightforward, and the last two
denote the instruments for market shares (in ~!) and prices (in the index). The instruments for
market shares must be full rank, because we require J dimensions of variation to identify ¢—'. In
contrast, the instruments for price require much less variation as they jointly identify only a single

coefficient (the implicit coefficient on price in the index relative to other covariates).

Table B1: Data Formatting

shares) pricesO x0 price_iv0 sharesl pricesl x1

0.151 1.584  0.070 0.615 0.259 1.737  0.490
0.174 0.000  0.528 0.176 0.232 2.006 0.894
0.183 0.707  0.441 0.284 0.192 0.923  0.783
0.291 1.068  0.236 0.201 0.190 1.211  0.814

The next step is to define an NPD problem, which is analogous to a BLP problem in PyBLP
(Conlon and Gortmaker, 2020). Defining the problem amounts to inputting the data frame as well
as specifying (i) the set of variables entering demand through the index, (ii) sieve approximation
details, including the degree of the polynomial approximation, and (iii) constraints, if any. The
define problem( ) command constructs all design and constraint matrices required to evaluate
the candidate GMM objective function (or quasi-likelihood function) at a candidate parameter
value. Estimation directly follows via estimate! ( ), which will store all estimation output inside
of the NPD problem. By default, estimate! ( ) estimates the NPD problem via GMM and uses
JuMP. j1 (Lubin et al., 2023) as the back-end solver. When quasi_bayes=true as an option inside
estimate! ( ), then the NPD problem is estimated using our proposed quasi-Bayes approach. This
step specifically uses MCMC to sample from a quasi-posterior defined by the quasi-likelihood (which
is just the scaled GMM objective function) and default Gaussian priors over sieve coefficients. If
constraints are specified in the NPD problem, then any corresponding linear restrictions will be
imposed using a reparameterization. Note, however, that this step alone does not sample from the
quasi-posterior in (15) because it does not include the hard constraints 1(0 € Cg(©)). To sample
from the fully constrained quasi-posterior in (15), estimate! ( ) should be followed by smc! ( ).
The second step will use the SMC algorithm described in Algorithm 1 to transform draws from the
“unconstrained” (or linearly-constrained) quasi-posterior targeted in the first step into draws from

the fully constrained target posterior. An example workflow is shown in Figure B1.
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Figure B1: Example Code to Define and Estimate NPD Problems

using NPDemand, Turing

# Define an NPD problem
problem = define_problem(df;
exchange = [[1 2], [3 411,
index_vars = ["prices", "x"],
approximation_details = Dict(
:sieve_type => "bernstein",
:order => 2,
:tensor => true

),

constraints = [
:exchangeability, # products are exchangeable wrt the exchange vector
:monotone, # demand function is monotonic in own-price
:diagonal _dominance_all # diagonal dominance of Jacobian of demand

]

# Estimate via GMM
estimate! (problem)

# Estimate via Quasti-Bayes

# (a) Run HMC

estimate! (problem,
quasi_bayes = true,
n_samples = 2_000,
burn_in = 0.25,
sampler = NUTS()

# (b) Run SMC

smc! (problem,
burn_in = 0.25,
mh_steps = 20,
ess_threshold = 200,
smc_method = :adaptive,
max_violations = 0.01

# Calculate price elasticities in every market (w/ 95) confidence intervals)
price_elasticities! (problem, CI = 0.95)

# Calculate the median own-price elasticity across all product-markets

summarize_elasticities(problem, "own", "median")

own",

# Calculate the median price elasticity matrixz across all markets
summarize_elasticities(problem, "matrix", "median")
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C Additional Data Details

Aggregation

Our raw data consists of every unique transaction made in each store, and so for each UPCxdate
we have repeated observations of transacted prices. The following steps outline our approach to

product-market aggregation when constructing the dataset for a particular product category.

1. UPCxdatexhousehold — UPCxdatexstore

We compute store-level prices for each UPCxdate by taking the median price across trans-

actions (there is rarely any within-date, cross-household variation in prices).

2. UPCxdatexstore — UPCxweekxZIP3

Next, we aggregate to the weekxZIP3 level by taking total quantity sold and the median
UPC prices across all datexstores within a weekxZIP3.

3. UPCxweekxZIP3 — brand xsubcategory xweek xZIP3

Finally, we aggregate from UPCs to brands by summing the total equivalent unit sales for all
UPCs within a brandxsubcategory. We measure prices as a quantity-weighted averages of
UPC-level prices (per equivalent unit), where the weights are computed separately for each

year.

Market sizes

To compute market sizes for each category, we leverage the fact that our raw data is at the
household-trip level. Following Brand (2021), we start by calculating a ratio of the number house-
holds who ever purchased from the category in a given year to the number of households who
purchased from the category in a week. This ratio is informative about the relative size of outside
good demand—i.e., for every one household who we observed make a purchase in a given week,
there were x additional households who were in the market but did not make a purchase. We
compute this ratio at the weekly level for each category-year, and then take an average for the
year. We then use this average ratio as a scaling factor for the maximum weekly unit sales for the

category, where the maximum is taken across all cross-sectional units (e.g., ZIP3s).

Product selection

The last step is to select a focal set of products within each category to use in our analysis.
Because of the high-dimensional nature of our estimator, we only consider products from up to
two subcategories. For each category, we first compute subcategory-level market shares. If the
top subcategory has greater than 65% share, then we only consider products from that single
subcategory. Otherwise, we consider products from the top two subcategories. Then, among the
chosen 1-2 subcategories, we compute product-level market shares and select all products with

greater than 5% share.
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D Additional Empirical Results

Table D1: First Stage Price Regressions

Estimated Coefficient

Category Feature Promo Wholesale Price ~ R? F-stat
Baking Goods -0.02 0.66  9045.88
-0.02 0.72 0.68  6585.17
Beer -0.01 0.86  7213.35
-0.00 0.49 0.91 14364.86
Butter, Margarine, Spreads -0.07 0.95 23919.90
-0.07 0.24 0.96 13428.04
Cookies -0.06 0.68  9876.66
-0.06 0.01 0.68  4939.68
Fish Canned -0.05 0.62  1339.88
-0.05 -0.02 0.62 704.64
Franks -0.06 0.76  5848.42
-0.06 -0.19 0.76  2974.93
Frozen Ice Cream -0.02 0.79 14130.04
-0.02 0.23 0.79  7395.83
Frozen Pizza -0.04 0.73  T727.72
-0.04 0.70 0.78  7813.22
Jams, Jellies, Peanut Butter -0.03 0.84 11434.28
-0.03 0.06 0.84  5749.33
Ketchup -0.01 0.68  1632.27
-0.01 0.11 0.69 832.90
Mayonnaise -0.03 0.52 10003.26
-0.03 0.13 0.52  5143.90
Snacks -0.04 0.84  8134.78
-0.04 0.32 0.84 4769.14

Notes: All specifications include the same fixed effects as those included in our NPD specifications
(product, year, quarter, state, and holiday).
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Ketchup Frozen Ice Cream = Fish Canned ¢ Jams, Jellies, & Peanut Butter
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Figure D1: Joint distributions of own-price elasticities plotted across pairs of estimators. We
average elasticity estimates up to the product-ZIP3-year-quarter level to aid in visualization. We
split the constrained quasi-Bayes elasticities into values before SMC (where only linear restrictions
are imposed) and after SMC to demonstrate the incremental value of economic regularization
induced by the 1(0 € Cg(©)) component of our priors.
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Table D2: Product-Level Median Own-Price Elasticity Estimates
GMM-U GMM-C QB-C
Est  95% Interval Est  95% Interval Est  95% Interval

Ketchup

1. Heinz 2073 (-26.81,10.41)  -37.41  (-50.17, -30.31) -3.37  (-10.02, -1.37)

2. Hunts -35.90  (-40.80, 39.13) -130.40 (-176.28, -103.55) -10.52 (-32.03, -4.23)
Frozen Ice Cream

1. Private Label 196 (-4.00,-0.57)  -12.58 (-14.93,-11.11) 542 (-15.95, -2.46)

2. Blue Bell 714 (-9.33, -1.89) 6.51 (-8.38, -5.55) 8.67 (-27.93,-3.78)

3. Breyers 1.07  (-4.72, 0.08) 1252 (-15.23, -9.95) 754 (-24.15, -3.42)

4. Mayfield 430 (-7.84,-0.24) 041  (-2.91, 1.30) -31.95 (-100.54, -14.01)
Fish Canned

1. Starkist (CL) 0.25 (-1.09, 1.37) -34.98  (-80.15, -24.49) -4.65  (-9.71, -2.72)

2. Chicken of the Sea (CL) 1.29  (-0.26, 3.14) -59.23  (-123.77, -3.03) -11.80  (-25.69, -6.70)

3. Bumble Bee (CL) 4.99 (-0.24, 8.53) -248.80 (-448.50, 116.29) -35.95 (-78.91, -20.01)

4. Starkist (SW) -0.95  (-2.35, 0.26) -16.10  (-18.21, -14.34) -11.68  (-26.92, -6.70)

5. Chicken of the Sea (SW)  -0.81 (-1.89, 0.15) 14.90  (-16.34, -13.51) 9.62  (-22.04, -5.51)
Jams, Jellies, € Peanut Butter

1. Jif (PB) 0.16  (-1.67, 0.76) 038 (-2.13, 0.14) 311 (-5.21, -1.78)

2. Peter Pan (PB) 1.56  (-0.73, 6.87) -0.92  (-2.90, 1.17) -19.48  (-33.34, -11.53)

3. Skippy (PB) 0.11 (-4.42, 9.82) 015  (-1.94, 0.77) 54.04  (-96.30, -31.02)

4. Private Label (PB) 040 (-1.91, 5.14) 0.01 (-0.46, 0.67) 25.66  (-45.64, -15.00)

5. Smuckers (JJP) 0.90 (-0.07, 2.33) 0.22 (-1.01, 1.33) -1.37  (-3.16, -0.55)

6. Welchs (JJP) 1.99  (-0.39, 4.40) 020  (-0.93, 0.67) 295 (-6.08, -1.08)

Notes: (1) GMM confidence intervals are calculated using quantiles of a bootstrapped sampling distribution with
100 bootstrap samples. (2) Quasi-Bayes credible intervals are calculated using quantiles of the empirical distribu-
tion of quasi-posterior draws. (3) Product subcategory abbreviations are listed in parentheses for categories with
two subcategories (CL = “Chuck Light,” SW = “Solid White,” PB = “Peanut Butter,” JJP = “Jams, Jellies,

Preserves”).
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Table D3: Performance of Restricted Bernstein Polynomials

Tensor Non-Tensor

K=2 K=3 K=2 K=3 K=4

Median Absolute Deviation 0.29 0.39 0.37 0.34 0.27
Violations (%)

- own-good monotonicity 49 73 85 93 95

- any 99 100 100 100 100
Total Sieve Dimension 8 12 2 3 4
Number of Parameters 108 320 22 48 92

Notes: (1) We evaluate the performance of the unconstrained GMM estimator.
(2) Performance metrics are averaged across 25 data sets generated from the
complements DGP with J = 4 goods and T = 500 markets. (3) The tensor
specifications match the implementation of the sieve estimator used through-
out the paper. In this specification, each 0]71 is approximated by a tensor
product of K-order Bernstein polynomials. (4) Non-tensor specifications nat-
urally restrict interactions between univariate polynomials. (5) The violations
represent shares of markets violating own-good monotonicity or any of the
following three constraints: own-good monotonicity, within-group cross-good
substitution, and across-group cross-good complements.
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