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Two widely recognized components, central to the calculation of customer value, are acquisition and retention
propensities. However, while extant research has incorporated such components into different types of

models, limited work has investigated the kinds of associations that may exist between them. In this research,
we focus on the relationship between a prospective customer’s time until acquisition of a particular service and
the subsequent duration for which he retains it, and examine the implications of this relationship on the value
of prospects and customers.
To accomplish these tasks, we use a bivariate timing model to capture the relationship between acquisition

and retention. Using a split-hazard model, we link the acquisition and retention processes in two distinct yet
complementary ways. First, we use the Sarmonov family of bivariate distributions to allow for correlations in
the observed acquisition and retention times within a customer; next, we allow for differences across customers
using latent classes for the parameters that govern the two processes. We then demonstrate how the proposed
methodology can be used to calculate the discounted expected value of a subscription based on the time of
acquisition, and discuss possible applications of the modeling framework to problems such as customer targeting
and resource allocation.
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1. Introduction
Service acquisition and retention have been closely
tied to key managerial metrics such as the value of the
customer base (e.g., Gupta and Zeithaml 2006, Gupta
et al. 2004) and critical managerial decisions such
as resource allocation (e.g., Blattberg and Deighton
1996). These two constructs—the time that elapses
before a prospective customer acquires a particular
service and the subsequent duration for which a cus-
tomer retains service before dropping it—may be
related. Despite the obvious appeal (and likelihood)
of such a relationship, few published papers model
the interplay between these two behaviors (Jain and
Singh 2002); instead, most treat acquisition and reten-
tion probabilities as independent (e.g., Gupta et al.
2004, Blattberg and Deighton 1996). This assumption,
however, may not accurately reflect the true behav-
ioral propensities of customers, thereby adversely
affecting the firm’s forecasts and subsequent mar-
keting decisions. That is, it is not just an academic
question of bias, but a managerial one of potentially
significant impact.

In this research, we develop a joint timing model
to explore the acquisition and retention of prospective
customers for a contractual service provider. Specifi-
cally, we consider multiple aspects of customer behav-
ior in the acquisition and retention of a service. First,
we allow for customers’ binary decision to ever acquire
service. Among those customers who acquire ser-
vice, we allow for duration dependence in both the
acquisition and retention processes. That is, the likeli-
hood that a prospect acquires a particular service may
change as he goes even longer without that service.
Similarly, after service acquisition, the likelihood of
discarding the service may also depend on how long
the customer has subscribed to that service. Next,
we incorporate the notion of correlated processes—
that is, the correlation that may exist between the
observed acquisition and retention durations, as well
as the parameters that govern them. Last, we account
for unobserved heterogeneity, as customers may have
different propensities for acquiring and discarding a
particular service.
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While unobserved heterogeneity and duration de-
pendence have received much attention in extant tim-
ing models (e.g., Morrison and Schmittlein 1980),
limited research has focused on their role in the
acquisition and retention processes or the relationship
between them. To illustrate the importance of jointly
considering acquisition and retention, consider two
hypothetical prospects, A and B, for a contractual ser-
vice provider, depicted in Figure 1.
The times that elapsed between the beginning of

acquisition efforts for prospects A and B and when
they acquired service are denoted by tA and tB, respec-
tively, and the durations for which they maintained
service are given by dA and dB, respectively. Based
on these observations, should the firm pursue those
prospects who have gone without the service for
longer periods of time? If there were no relation-
ship between the time until acquisition and length
of service retention, the company would expect both
prospects to retain service for the same length of
time (if they acquire the service at all). However, it
may be that (as depicted in Figure 1, where dA > dB)
prospects like A, who are slow to acquire service,
maintain it for a longer period of time (e.g., “cautious
but loyal”), whereas prospects who acquire service
quickly (like prospect B) also discard it quickly (e.g.,
“hit and run”).
We can broadly classify potential customer-level

relationships between the acquisition and retention
outcomes into three types. First, a negative relationship
may exist between time until acquisition and reten-
tion duration. As such, customers who were slow to
acquire a service would not be expected to retain ser-
vice for as long as a customer who acquired it ear-
lier. If true, the firm may want to devote resources
toward acquiring younger prospects rather than older
prospects based on their expected tenure. On the
other hand, in the case of a positive relationship
(as reflected in Figure 1), customers who acquired a
particular service later will have a longer expected
tenure (ET). In this scenario, older prospects may

Figure 1 Depiction of Acquisition-Retention Relationship
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be tempting targets. Even though they have not yet
acquired service, if they do, they will be expected
to retain service longer and therefore may gener-
ate greater long-term revenue than early acquirers.
Finally, there may be no relationship between acquisi-
tion and retention duration, as is commonly assumed.
As such, the time at which prospective customers
acquire a service is uninformative of their tenure
and targeting based on the age of the prospect plays
no significant role. Providing a modeling framework
within which to understand the relationship between
the time until acquisition and length of service reten-
tion is the primary objective of this research.
In exploring the relationship between acquisition of

service and duration of retention, we consider two
possible sources of correlation that can exist. First, for
a given customer, the time of acquisition and reten-
tion durations may be related to each other. To allow
for this correlation, we make use of the Sarmanov
family of multivariate distributions (Kotz et al. 2000,
Lee 1996), which has begun to make its way into
the marketing literature (Danaher 2006, Danaher and
Hardie 2005, Park and Fader 2004). To allow for
unobserved heterogeneity across customers in terms
of their acquisition and retention propensities, we
use latent classes (e.g., Kamakura and Russell 1989).
Thus, in addition to the correlation between these
processes within customers (using the Sarmanov fam-
ily), the latent classes allow for a separate correlation
between the acquisition and retention processes across
customers.
In considering the time until acquisition and sub-

sequent duration of service (as in Figure 1), the
need to account for censoring is highlighted. While
many prospective customers may not acquire a par-
ticular service during the observation period, they
might acquire it after the observation period ends (i.e.,
right censoring of the acquisition process). Of those
customers who acquire service, some may retain it
through the end of the observation period but drop
service at a later (unobserved) time (i.e., right cen-
soring of the retention process). As a result, standard
exploratory bivariate analyses, such as computing the
correlation between observed acquisition and reten-
tion times, may require that we discard a significant
portion of the observed data (i.e., those prospects
who do not acquire service as well as those who
acquire service and maintain it through the obser-
vation period). Our joint stochastic model does not
suffer this limitation and provides a natural way to
account for censored observations via the inclusion of
survival functions for both processes in the likelihood.
The remainder of this paper proceeds as follows.

In §2, we review existing literature related to the
acquisition and retention of services, as well as other
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applications of bivariate timing models. Section 3 dis-
cusses the data used in our empirical analyses. In §4,
we present the development of the proposed joint
timing model. The empirical analyses are detailed
in §5, including a discussion of a series of mod-
els (nested and otherwise) that are estimated. In §6,
we demonstrate how our proposed model can be
incorporated into managerial decisions. Managerial
implications and directions for future research are
discussed in §7.

2. Previous Research
Despite the importance of considering both acquisi-
tion and retention as part of a comprehensive cus-
tomer valuation model, few studies have taken the
(possible) relationship between them into account.
Those that do deal with both processes often assume
complete independence across them. For instance,
Gupta et al. (2004) propose a rich framework for
determining the value of an entire customer base,
but they assume that the acquisition and retention
processes are independent. Blattberg and Deighton
(1996) discuss the need for firms to balance their
marketing expenditures between acquiring new cus-
tomers and retaining existing customers. They pro-
pose a framework to achieve an appropriate balance
across acquisition and retention spending, but they do
not consider any links that may exist between the two
processes. Berger and Nasr-Bechwati (2001) apply a
similar approach to the problem of resource alloca-
tion but, like Blattberg and Deighton (1996), they do
not shed light on the underlying relationship between
acquisition and retention that may exist at the cus-
tomer level.
Perhaps the first paper to consider separate mod-

els for each process is Hansotia and Wang (1997),
who discuss the importance of acquiring those cus-
tomers who will be most profitable on the basis of
their lifetime value. Their treatment of lifetime value,
however, considers the acquisition process as binary
(yes/no) and independent of the retention process,
which is modeled using a right-censored Tobit model.
The most significant contribution in this area is

from Thomas (2001), who proposes a methodology for
linking the customer acquisition and retention pro-
cesses that is closest in spirit to our model, as it incor-
porates heterogeneity and correlation between the
acquisition and retention processes; yet, it is still sub-
stantially different from our approach. Thomas (2001)
uses a Tobit model with selection to jointly model
the acquisition and retention of an optional member-
ship available to individuals who already belong to
an organization. This model is tantamount to using a
binary (yes/no) probit model for the customer’s deci-
sion to acquire membership and a Tobit model with

right-censoring to model the time for which he retains
it, where the errors for the probit and Tobit mod-
els are correlated. Latent classes are used to incorpo-
rate heterogeneity into the acquisition and retention
processes.
Reinartz et al. (2005) extend Thomas’ (2001) ear-

lier model to simultaneously model acquisition, reten-
tion, and customer profitability. Actions taken by the
firm and customer, as well as customer character-
istics, are assumed to affect the acquisition process,
the retention process, and customer profitability. The
three outcome variables (acquisition, duration, and
profitability) are assumed to have a correlated error
structure. The authors explore how the level of invest-
ment and resource allocation between acquisition and
retention can differentially affect customer acquisi-
tion, retention, and profitability. As does Berger and
Nasr-Bechwati (2001), this research emphasizes the
need to jointly model acquisition and retention for
marketing decisions.
While Thomas (2001) and Reinartz et al. (2005)

account for the link between acquisition and retention
(through correlated errors), there are several major
limitations to the generalizability of their approach.
First, acquisition is solely considered as a binary
variable. Consequently, only the decision to acquire
service (yes/no) is modeled rather than the time at
which acquisition occurred. As such, these models
assume that retention duration and profitability do
not depend on the time of acquisition. There are, how-
ever, several situations including service acquisition
(which is the context of our empirical application),
in which the time that has elapsed since a cus-
tomer came under observation and when it actu-
ally acquired the particular service may be known.
Other ways in which customers may come under
the observation of firms are via rented mailing lists
(e.g., Bitran and Mondschein 1996) or through opt-in
activities (e.g., Milne and Rohm 2000). The length of
this acquisition period may convey information about
subsequent activity, such as retention (in a contrac-
tual setting) or purchasing (in a transactional setting),
which can offer insights about the value of prospec-
tive customers.
These models also do not facilitate incorporation of

duration dependence or time-varying covariates into
the acquisition/retention process. Prospective cus-
tomers may change in their likelihood of acquiring (or
discarding) service over time. In addition, the com-
pany may use promotional activities to entice cus-
tomers to acquire a particular service, the effect of
which may accumulate over time. This will also affect
a customer’s likelihood of retaining service while the
promotion is active. In this research, we use the pro-
portional hazards framework (e.g., Seetharaman and
Chintagunta 2003), which easily accommodates both
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duration dependence (via the baseline hazard func-
tion) and time-varying covariates, to construct the
marginal acquisition and retention processes and then
allow for correlation between the processes.
We are not the first to develop a bivariate timing

model, nor the first to use the Sarmanov family of dis-
tributions. Chintagunta and Haldar (1998) study the
relationship in purchase timing of two related cate-
gories. Using the Farlie-Gumbel-Morgenstern family
of bivariate distributions, they were the first in mar-
keting to use a bivariate hazard function to under-
stand the relationship between two timing processes.
It should be noted, however, that the Farlie-Gumbel-
Morgenstern bivariate distributions do not generally
yield marginal distributions that match the univariate
densities used to construct the joint distribution (Park
and Fader 2004). Given the prevalence of right censor-
ing in the acquisition and subsequent retention pro-
cesses, marginal distributions that are the same as the
specified univariate distributions (or are least avail-
able in closed form) are highly desirable, and they
are provided naturally (and by design) by the Sar-
manov family of bivariate distributions (Kotz et al.
2000, Lee 1996).
Previous marketing applications of the Sarmanov

family of distributions have focused on noncontrac-
tual settings (Danaher 2006, Danaher and Hardie
2005, Park and Fader 2004). Park and Fader (2004)
develop a bivariate timing model in which they exam-
ine intervisit times at multiple Web sites and find the
need to allow for correlation across sites. Danaher
and Hardie (2005) use the Sarmanov family of distri-
butions to develop a bivariate counting (not timing)
model to examine copurchasing behavior. Danaher
(2006) generalizes the Sarmanov distribution beyond
the bivariate case and presents a multivariate count-
ing model to predict the audience for online adver-
tising campaigns. One limitation of these current
marketing applications of the Sarmanov family of dis-
tributions (to date) has been the lack of covariates in
either process. We overcome this limitation by using
the proportional hazards framework to modify the
marginal processes.
Although the bivariate modeling approaches dis-

cussed above are similar to the present research, the
fundamental research problems differ. This distinc-
tion is evident when comparing the timing of the
two processes. While previous applications exam-
ined behaviors that occurred contemporaneously, in this
research we are examining the relationship between
two sequential behaviors: acquisition and then reten-
tion. Because of this sequential nature, customers can-
not discard service until after it has been acquired.
Additionally, there is a possibility that customers will
never acquire service and therefore will not face either
an acquisition timing or retention timing decision. We

explicitly allow for this by using a split-hazard model
(e.g., Sinha and Chandrashekaran 1992) for the acqui-
sition process, coupled with a proportional hazard
model for the retention process, ultimately develop-
ing a bivariate correlated split-hazard model that is
appropriate for sequential timing processes.
In summary, the current research builds on previ-

ous literature to develop a joint timing model of ser-
vice acquisition and retention. As previous research
has demonstrated the importance of considering both
acquisition and retention simultaneously, we build a
customer-level model that allows us to explore the
possible underlying relationship between these two
processes. Understanding this link will allow firms
to determine if prospective customers are worth the
resources needed to convert them to active customers.
In the following sections, we explicitly describe our
model and demonstrate how the proposed model-
ing framework can be incorporated into managerial
decisions.

3. Data
Monthly subscription data were provided by a major
provider of telecommunications services. From the
subscription records, we constructed a calibration
data set by sampling half of the customers (who
began service with the firm between February 2002
and September 2002) and used the remaining half
for holdout analysis. These customers were observed
from the time at which they started service through
May 2004. To demonstrate the proposed methodology,
we examine those customers who did not initially
subscribe to Home Box Office (hereafter HBO, a cable
network service to which customers may optionally
subscribe for additional premium programming), but
came under observation as an HBO prospect by sub-
scribing to other services (e.g., high-speed Internet or
digital cable). There were 6,211 customers in the cal-
ibration sample and 6,236 customers in our holdout
sample.
There are two data features that we do not explore

in this research but which are worth noting. First,
our sample does not consider those customers who
began their tenure as subscribers of HBO. The behav-
ior of these customers may systematically differ from
those customers who subscribe to HBO after becom-
ing customers. Second, there are a limited number
of customers (approximately 2% of the sample) who
discard and resubscribe to service, with an average
duration of 6.4 months between subscription spells.
In our model, we restrict attention to the initial acqui-
sition and retention spells. Thus, our results may not
accurately reflect the behavior of all customers, but
only the initial subscription to HBO of those cus-
tomers who did not sign up for HBO service at the
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beginning of their tenure as a customer. The model-
ing framework, however, can be extended to examine
these groups in more detail and is an area for future
research.
Time until acquisition was computed by counting

the number of months that elapsed between the cus-
tomer’s first month of (non-HBO) service with the
provider and when the customer, if ever, added HBO.
Note, as before, that time until acquisition may be
right censored, as some customers will not acquire
the service during the observation period. In a sim-
ilar vein, the duration for which a customer retains
HBO service was computed by counting the number
of months for which a customer keeps service follow-
ing its acquisition. Retention times may also be right
censored.
In Figures 2(a) and 2(b), we provide an overview of

the acquisition and retention processes, respectively,
by examining the empirical hazard rates. That is,
Figure 2(a) shows the observed probability of a cus-
tomer acquiring service each month, given that they
had not yet acquired service. Figure 2(b) shows the
observed probability of customers discarding service
each month, conditional on maintaining it through the
previous month.
Immediately, we see that the empirical hazard rates

for both acquisition and retention are not constant.
For service acquisition, at first glance, it appears that
customers become less likely to acquire service over
time. For retention, we note that the churn rate is ini-
tially low before increasing after the third month of
service. This is consistent with marketing activity run
by the service provider, which offered a price pro-
motion for the month of acquisition and the subse-
quent two months of service. After this promotional
period, the empirical hazard rate decreases, indicat-
ing that customers are less likely to discard service
the longer that they have had it. Note that we must
exercise caution in drawing conclusions from these
plots, as our observations of duration dependence
could also be attributable to the sparse nature of
the data and unobserved heterogeneity, particularly
with regard to retention. It may be, for example, that
customers with a high propensity for dropping ser-
vice do so much earlier than customers with a low
propensity for doing so, rather than customers becom-
ing less likely to discontinue service over time (e.g.,
Follman and Goldberg 1988). Both of these factors
provide a strong motivation for a formal model of
both processes.
Although these two aggregate plots shed light on

the marginal univariate processes, they provide no
information about the relationship between acquisi-
tion and retention. In the calibration sample, 84.1%
of prospects did not acquire service by the end of
the observation period. In Table 1, we provide an

Figure 2(a) Empirical Hazard Rate for Service Acquisition
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Figure 2(b) Empirical Hazard Rate for Service Retention
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overview of the acquisition and retention behavior by
the 15.9% of the prospects in the calibration sample
who did acquire service.
Three particular data features are worth noting.

First, the majority of customers do not acquire ser-
vice during the observation period. As Thomas (2001)

Table 1 Overview of Acquisition and Retention Timing for Prospective
Customers Who Came Under Observation from February 2002
Through September 2002

Retention (%)

Within Between 4 and After
3 months of 12 months 12 months Right

Acquisition acquisition of acquisition of acquisition censored

Between 1 and 19�3 17�7 3�6 4�5
3 months

Between 4 and 9�6 16�5 1�5 5�7
12 months

After 12 months 6�3 4�5 0 10�8
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discusses, analyses that ignore censored data will
therefore yield misleading results. Second, of those
customers who do acquire HBO service, most acquire
it early on. Taken together with Figure 2(a), these
observations seem to indicate that negative duration
dependence is present in the acquisition process. Last,
the retention behavior appears to vary between those
prospects who acquired service early and those who
acquired it later. Of those prospects who acquired
service within 3 months of coming under observa-
tion, 43% discarded service within the first 3 months,
in contrast to the 29% of customers who discarded
service after acquiring it between 4 and 12 months
after coming under observation. For the prospects
who acquired service before the end of the obser-
vation period, using these discrete cells, it appears
that acquisition and retention behavior are not inde-
pendent (�2 = 175�1, p < 0�001). Together, this seems
to indicate a positive relationship between time of
acquisition and duration of retention. However, as
previously stated, this could be attributable to unob-
served heterogeneity or correlation between the two
processes. We now turn to the development of our
proposed timing model, which allows us to address
this question and its managerial importance.

4. Model Development
In this section, we build a customer-level continuous-
time joint model for the acquisition and retention
of a service that incorporates duration dependence
and correlation in the two processes, which is then
adapted to discrete-time (e.g., monthly) data. We then
show how we incorporate unobserved cross-sectional
heterogeneity via latent classes.1

4.1. A Customer-Level Bivariate Model of
Acquisition and Retention Behavior

Our model considers the acquisition and retention of
a particular service for prospective customers who
have come under observation. We first present the
bivariate timing model for a household who eventu-
ally acquires service, and then, in §4.3, discuss how
we account for those who never acquire service. We
begin by assuming that customers who acquire ser-
vice do so according to a parametric distribution,
where the probability of acquiring service at time tA

is given by

f �tA ��= SA�tA − 1 ��− SA�tA ��

for tA = 1�2� � � � � T � (1)

where SA�tA � � is the survival function of the para-
metric distribution and T is the length of the observa-
tion period (e.g., number of months). Once customers

1 For ease of notation, we suppress the subscript of the latent class
while developing the customer-level model.

acquire service, they discard it according to a dif-
ferent parametric distribution, which has a baseline
hazard function denoted hR�tR � �. To incorporate
time-varying activity (or covariates in general) such as
the three-month introductory price promotion previ-
ously mentioned into the retention process, we use a
proportional hazards regression using a baseline haz-
ard function, hR�tR � �. This results in the survival
function for the retention process

SR�tR � ����X�t= e−
∑tR

v=1 e�X�v�
∫ v
v−1 hR�u ��du� (2)

where � is the impact of the time-varying marketing
activities, denoted X�t. In our empirical application,
X�t contains the introductory promotional activity,
where X�t = 1 for t = 1�2 and 0 otherwise. If � > 0,
customers are more likely to discard service, whereas
they are less likely to do so if � < 0. The duration of
service retention dh is therefore distributed as

g�tR � ����X�t

= SR�tR − 1 � ����X�t− SR�tR � ����X�t

for tR = 1�2� � � � � T � (3)

Because the promotional activity was continually
offered throughout our data period, its impact on
the acquisition process cannot be estimated. Had the
service provider not offered the same introductory
promotion regardless of time, the same approach
could have been used to model the effect of time-
varying covariates on the acquisition process as well
(i.e., extending Equation (1) to Equation (2)). Within
our modeling framework, we could then decompose
the effect of promotional activity into two parts: the
impact of promotions prior to acquisition (e.g., “How
much more likely are prospects to acquire service
under the promotion?”) and subsequent to service
acquisition (e.g., “How much less likely are customers
to drop service during the promotion?”), a fascinat-
ing and important question. Unfortunately, while our
framework allows for this kind of analysis, our cur-
rent data does not.

4.2. Incorporating Correlation Between
the Acquisition and Retention Processes

The model presented in Equations (1)–(3) outlines a
flexible bivariate timing model that allows for time-
varying covariates. However, it treats time until
acquisition and retention duration as independent
processes. To model the possible correlation between
the observed acquisition and retention outcomes, we
use the Sarmanov family of bivariate distributions
(e.g., Lee 1996, Park and Fader 2004). The Sarmanov
family works by defining

f �x�y= fx�x× fy�y× �1+��x�x�y�y�� (4)
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where fx�x and fy�y are univariate probability den-
sity functions, and �x�x and �y�y are bounded
mixing functions such that

∫ �
−� fz�z�z�zdz = 0 for

z= x�y. In order for f �x�y to be a bivariate density
function, �x�x, �y�y, and � must satisfy the condi-
tion 1+��x�x�y�y≥ 0 for all values of x and y. As
such, � can be interpreted as the unnormalized cor-
relation, or covariance, between fx�x and fy�y, our
desired goal.
While there are other families of bivariate distribu-

tions generated from the combination of two univari-
ate distributions (e.g., Farlie 1960; Johnson and Kotz
1975, 1977), the main benefit that the Sarmanov fam-
ily of distributions provides for our applications is
that the marginal distributions are guaranteed to take
on the same forms of the corresponding univariate
densities, as can be seen by the construction in Equa-
tion (4). This is the only class of multivariate distri-
butions that offers this property, which greatly aids
in the closed-form computation of censored events,
a feature of computational importance. Consider a
customer who does not acquire service during the
observation period. This customer may acquire ser-
vice after the observation period and then proceed to
retain service according to the retention process. To
calculate the probability that the customer acquires
service after Th, we must integrate over all possible
unobserved retention durations. By using a Sarmanov
bivariate distribution, this marginal likelihood will
be equal to the likelihood computed from the uni-
variate acquisition distribution, which is directly
available.
Lee (1996) demonstrates how to find the mixture

functions for different distributions fx�x and fy�y.
Lee shows that the mixing distribution for any uni-
variate density function f �x is given by

��x= f �x−
∫ �

−�
f 2�t dt� (5)

Replacing the integral in Equation (5) with a summa-
tion provides the general form of the mixing func-
tion for a discrete distribution f �x. Then, replacing
f �x in Equation (5) with the probability mass func-
tions given in Equations (1) and (3) yields the mixing
functions for our acquisition and retention processes,
denoted �A�tA and �R�tR, respectively2

�A�tA ��

= SA�tA − 1 ��− SA�tA

+ 2
�∑

i=1
!SA�i ���SA�i− 1 ��− SA�i ��"− 1 (6)

2 A detailed derivation of the mixing functions can be found in the
appendix.

and

�R�tR � ����X�t

= SR�tR − 1 � ����X�t− SR�tR � ����X�t

+ 2
�∑

i=1
!SR�i � ����X�t�SR�i− 1 � ����X�t

− SR�i � ����X�t"− 1� (7)

The joint distribution of acquisition time and
duration of service at the customer level is then
given by

j�tA� tR ���������X�t

= f �tA ��g�tR � ����X�t

× �1+��A�tA ���R�tR � ����X�t�� (8)

4.3. Accounting for the Subscription Decision and
Censored Observations

The customer-level joint timing model presented in
Equation (8) assumes that all customers will even-
tually acquire service. While some customers may
acquire service (i.e., subscribe to HBO, as in our
example) after the observation period, some prospec-
tive customers may never acquire service. To allow
for this possibility, we adopt a split-hazard model
in which we assume that customers acquire service
with a probability z (e.g., Kamakura et al. 2004, Sinha
and Chandrashekaran 1992). Hence, prospective cus-
tomers will never acquire service with a probability
of 1− z.
Let th denote the length of time that has elapsed

between when customer h comes under observation
and when the customer acquired service, and its
accompanying acquisition censoring variable cA

h set
equal to 0 if the observation is not censored. If the
customer does not acquire service while under obser-
vation for a length of Th, let th = Th and let cA

h = 1.
For these customers, there are two possibilities: Either
they will never acquire service, or they will do so at
some point in the interval th ∈ �Th + 1��. If it is the
latter, they may retain service for any duration dh. The
customer-level likelihood is therefore given by

p1�th� dh � z���������X�t

= �1− z+ z
�∑

tA=Th+1

�∑
tR=1

j�tA� tR ���������X�t

= �1− z+ z · SA�Th ��� (9)

The first term 1− z accounts for the probability that
a customer never acquires service, while the second
term allows for the probability that they acquire
service after the observation period. As we use a
Sarmanov bivariate distribution, the latter component
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comes from the marginal acquisition distribution and
is given by the survival probability of the acquisition
distribution.
The time at which a customer discontinues service

is given by th + dh. If the customer retains service
throughout the observation period, let dh = Th− th and
the retention censoring variable cR

h = 1; otherwise, let
cR

h = 0. The probability of observing a customer who
acquires service at time th and maintains it through
the observation period (cA

h = 0, cR
h = 1) is given by

p2�th� dh � z���������X�t

= z ·
�∑

tR=dh+1
j�th� tR ���������X�t� (10)

Last, there are customers who acquire the service and
subsequently discard it during the observation period
(cA

h = 0, cR
h = 0). In this case, neither the acquisition

nor the retention process is right censored. Thus, the
probability that customer h starts service at th and
maintains service for a duration of dh is

p3�th� dh � z���������X�t

= z · j�th� dh ���������X�t� (11)

Combining Equations (9)–(11), the customer-level
likelihood can then be written as

P�z���������X�t � th� dh� cA
h � cR

h �Th�X�t

=




p1�th� dh� if cA
h = 1

p2�th� dh� if cA
h = 0 and cR

h = 1
p3�th� dh� if cA

h = 0 and cR
h = 0�

(12)

4.4. Allowing for Unobserved Heterogeneity and
“Double Correlation”

The bivariate timing model outlined in Equa-
tions (1)–(12) relaxes the assumption of independence
between the two processes and allows for the within-
customer correlation in acquisition and retention.
This, however, may not be the only type of relation-
ship that exists between the two processes. In addition
to a correlation in the observed durations (as detailed
in Equations (5)–(8)), there may also be correlation in
the latent acquisition and retention propensities. Park
and Fader (2004) refer to the correlation in the under-
lying parameters as linked propensities.
To account for differences across customers, we use

a latent class model with s unobserved classes (e.g.,
Thomas 2001, Kamakura and Russell 1989). Therefore,
in addition to allowing for unobserved heterogene-
ity in customers’ propensities to acquire and discard
service, as the parameters governing both the acqui-
sition and retention processes are segment specific,
the latent classes also allow us to capture the linked

propensities. For example, one latent class may be
characterized by high acquisition likelihood and high
retention likelihood, whereas another may be marked
by high acquisition likelihood and low retention like-
lihood. The latent classes may also differ with regard
to how these propensities change over time (dura-
tion dependence), the correlation between acquisition
and retention processes (governed by �s), the sensi-
tivity to the promotional activity (�s), and the likeli-
hood that customers ever acquire service (zs), all of
which we flexibly model as segment specific. Thus,
the customer-level likelihood given in Equation (12)
will depend on the set of segment-specific parameters
�zs��s��s��s��s�, and the unconditional likelihood is
given by

L�z���������q � th�dh�c
A
h �cR

h �Th�X�t

=
S∑

s=1
qsP�zs��s��s��s��s �s�th�dh�c

A
h �cR

h �Th�X�t� (13)

where z, �, �, �, �, and q denote the vectors of
segment-specific parameters, and qs denotes the prob-
ability that a customer is in segment s such that∑S

s=1 qs = 1. Letting Yh denote the observed data vector
�tA

h � tR
h � cA

h � cR
h �Th�, the overall log-likelihood (LL) is

LL�z���������q � Y1� � � � �YH

= ∑
h∈H

log�L�z���������q � Yh� (14)

We provide a graphical illustration of the proposed
modeling framework in Figure 3, where we denote
the acquisition and retention processes for customers
in latent class k by Ak and Rk, respectively.
As shown in the first level of Figure 3, cus-

tomers belong to a particular latent class (or segment).
Because all customers in a particular segment fol-
low the same acquisition and retention processes, this
introduces the first type of correlation. Given their
segment membership, customers’ acquisition times
and retention durations may be correlated via the Sar-
manov family (captured by the value of �), which
provides the second form of correlation.

4.5. Baseline Hazard Specifications
The model presented in Equations (1)–(14) is flexi-
ble, allowing for any timing distribution(s) to be spec-
ified for the acquisition and retention processes. In
our empirical application, we consider three sets of
possible baseline hazard specifications for the acquisi-
tion and retention processes: the Weibull distribution,
log-logistic distribution, and expo-power distribution.
Though other baseline hazard specifications can be
used, these three are popular choices in extant timing
models and each allows for varying forms of dura-
tion dependence (e.g., Seetharaman and Chintagunta
2003).



Schweidel, Fader, and Bradlow: Bivariate Timing Model of Customer Acquisition and Retention
Marketing Science 27(5), pp. 829–843, © 2008 INFORMS 837

Figure 3 Model Schematic
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The Weibull distribution has baseline hazard and
survival functions given by

h�t � ,�-= ,-t-−1�

S�t � ,�-= e−,t- �
(15)

The Weibull distribution allows for either positive
duration dependence (an increasing baseline hazard)
when - > 1, as well as negative duration depen-
dence (a decreasing baseline hazard) when - < 1. The
Weibull distribution also nests the exponential distri-
bution �- = 1, allowing it to capture the case of no
duration dependence.
Whereas the Weibull allows for a flat baseline

hazard function or a monotonically increasing or
decreasing baseline hazard function the log-logistic
distribution, with baseline hazard and survival func-
tions given by

h�t � ,�-= ,-�,t-−1

1+ �,t-
�

S�t � ,�-= 1
1+ �,t-

�

(16)

allows for a baseline hazard that is either monotoni-
cally decreasing or has an inverted U-shape.
Last, the expo-power distribution is defined by a

baseline hazard and survival function

h�t � ,�-�.= ,-t-−1e.t-�

S�t � ,�-�.= e�,/.�1−e.t- �
(17)

The expo-power baseline hazard accommodates a
variety of shapes, including monotonically increasing
or decreasing, inverted U-shaped, and U-shaped.

4.6. An Illustration of Correlated Processes
As many readers may be unfamiliar with the
Sarmanov family of distributions, before we show our

empirical results, we demonstrate via simulation the
impact of correlated acquisition and retention pro-
cesses by computing the expected retention durations
conditional on the time of acquisition for different
values of �. Without loss of generality, we use the
log-logistic specification for acquisition with baseline
hazard hA�tA � , = 0�25�- = 1, and retention with
baseline hazard hR�tR � , = 0�5�-= 1 and �=−1. The
ET, which is a function of a customer’s time of acqui-
sition th, is given by

ET�th=
�∑

d=1

p2�th� d

z · f �th
� (18)

where the numerator has the same form as p2�th� d
from Equation (10) and the denominator is the
marginal probability of acquiring service at time th. In
Figure 4, we show the ET of service for subscribers
who acquire service in months 1, 4, and 7 for the full
range of values that � can assume. For these particu-
lar parameter values, the range of � is from −107 to
111. While this seems to correspond to a narrow range
of correlations, the expected retentions (based on time
of acquisitions) shown in Figure 3 are dramatically
different from each other.
Under these parameters, a customer beginning ser-

vice after one month may be expected to retain service
more than 2.5 times longer than a customer beginning
after seven months (at the minimum value of �), or
have an ET more than 80% shorter than that of a cus-
tomer beginning after seven months (at the maximum
value of �). Note that the direction of the relation-
ship changes as � changes sign. At �= 0, the ET of
service is independent of acquisition time. Based on
the strength and direction of the relationship between
acquisition and retention, customers who acquire ser-
vice at different times may have different ETs and
therefore may be of differential value to the service
provider.
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Figure 4 Impact of Correlated Outcomes on Expected Tenure for a
Simulated Example
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It is also worth noting in Figure 4 that the impact
of correlated processes diminishes over time. That is,
while the differences in ET are large for early sub-
scribers, this effect is proportionately smaller when
comparing later subscribers to each other. This pat-
tern continues to hold for all observed acquisition
times and values of � for multiple sets of parameters
that we examined.
In each latent class, therefore, depending on the

nature of the correlated relationship as reflected by
the value of � and the type of duration depen-
dence in both the acquisition and retention processes,
several behavioral patterns may emerge. For exam-
ple, a “worst case” scenario for prospect acquisition
would include a negative correlation between acqui-
sition and retention and a monotonically decreas-
ing hazard function in the acquisition process. Not
only are prospects less likely to acquire the service
over time, but those who do acquire service later are
expected to discard service faster. In such a situation,
firms must recognize that it may not be worthwhile to
devote resources to prospects who have not acquired
the service after some time.
On the other hand, prospects who have fore-

gone the service for a long period can be valuable
under different conditions. An inverse-U shape in the
baseline hazard of the acquisition process would indi-
cate that prospects become more likely to acquire ser-
vice for a period of time, making them candidates
for targeting in that period. Coupling this acquisition
process with positive correlation between acquisition
and retention times, later acquirers will be expected
to maintain service for a longer duration than early
acquirers. In this case, it may be worthwhile to pursue
prospects, at least temporarily.3 As we will demon-

3 The possible behavioral stories that emerge depend not only on
the value and magnitude of � but also on the choice of the baseline
hazard function for the acquisition and retention processes.

strate in §6, the proposed model therefore can be used
to determine the value of prospects and customers.

5. Empirical Analyses
The full model presented in Equations (1)–(14), using
the three choices for baseline hazard functions out-
lined in Equations (15)–(17), was fit using maximum
likelihood estimation in MATLAB. For each of the
three distributional assumptions, we estimate models
with different numbers of latent classes to assess how
many classes are needed, based on Bayesian Informa-
tion Criterion (BIC) (Schwarz 1978). We also estimate
a series of models in which we assume that �= 0, an
important nested case that decouples acquisition and
retention. In these models, note that we still allow for
correlation in the parameters governing the acquisi-
tion and retention processes across latent classes, but
assume that the processes are conditionally indepen-
dent. We note that in our analyses we only consider
the same distribution for both acquisition and reten-
tion (i.e., Weibull for both). It is possible to use dis-
tinct distributions to model each process (e.g., Weibull
for acquisition and expo-power for retention), but this
would require many more models to assess the appro-
priate number of latent classes and the need for corre-
lated processes. We present the in-sample LL and BIC
values for the estimated models in Table 2.
Based on BIC, the log-logistic baseline hazard spec-

ification outperforms the expo-power in all cases and
beats the Weibull in all cases but one. We next pro-
vide a brief comparison of the best in class models,

Table 2 Model Results

Baseline Correlated
Model hazard Classes processes?

No. of
Parameters LL BIC

1 Log-logistic Yes 7 −7�669 15�398

2 Log-logistic No 6 −7�676 15�404
1

3 Log-logistic Yes 15 −7�659 15�449

4 Log-logistic No 13 −7�659 15�432
2

5 Log-logistic Yes 23 −7�648 15�496

6 Log-logistic No 20 −7�649 15�473
3

7 Weibull Yes 7 −7�715 15�492

8 Weibull No 6 −7�721 15�495
1

9 Weibull Yes 15 −7�656 15�444

10 Weibull No 13 −7�664 15�441
2

11 Weibull Yes 23 −7�652 15�505

12 Weibull No 20 −7�655 15�485
3

13 Expo-power Yes 9 −7�716 15�510

14 Expo-power No 8 −7�721 15�512
1

15 Expo-power Yes 19 −7�663 15�491

16 Expo-power No 17 −7�668 15�485
2

17 Expo-power Yes 29 −7�649 15�551

18 Expo-power No 26 −7�653 15�533
3
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Figure 5 Model Performance on Acquisition Process
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that is, we compare the best performing log-logistic,
Weibull, and expo-power models (Models 1, 10, and
16, respectively).
Under the log-logistic specification for acquisition

and retention, the best performing model incorpo-
rates correlated processes but just a single class of
customers (Model 1). This contrasts with the Weibull
and expo-power specifications (Models 10 and 16,
respectively) that require two latent classes of cus-
tomers but have conditionally independent processes,
highlighting the need to allow for latent classes in
the modeling framework. In fact, across the three
distributional assumptions, correlated processes (the
Sarmanov family) only provide significant improve-
ment (on the basis of BIC) when there is a single class
of customers. Thus, while other bivariate timing mod-
els have found the need for both correlated outcomes
and linked propensities (e.g., Park and Fader 2004),
the data used in our empirical application suggests
that correlated processes and a single class of cus-
tomers is adequate to model the relationship between
acquisition and retention in our data. Although the
BIC indicates that Model 1 seems to be most suitable
for this data set, we next extend our best in class anal-
ysis to a more detailed analysis of the marginal acqui-
sition and retention processes to demonstrate their
overall performance, and then select among them.
To further compare the performance of the three

best in class models, in Figure 5 we present the empir-
ical hazard rate of the acquisition process for both
the calibration and holdout samples, as well as the
expected hazard rates.
The expected hazard rates under the best in class

models all behave similarly. While the observed cal-
ibration and holdout hazard rates are fairly jagged,
the expected hazard rates under each specification
appear to capture the general trend in the observed
hazard rate over time. If more time-varying covariates

Figure 6 Model Performance on the Retention Process
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existed, deviations from the smooth trend would be
obtainable.4

In Figure 6, we show the empirical hazard rates of
the retention process for both samples, along with the
expected hazard rates from the best in class models.
The effect of the promotional activity on the empir-

ical hazard rate is immediately evident, as churn
is dampened during the two months following the
month of acquisition before dramatically increasing.
All three of the best in class models reflect this gen-
eral shape, though the expected hazard rates differ at
longer durations. Note, however, that the empirical
hazard rate of the calibration sample at these longer
durations is based on only a few observations—only
69 (out of 987) customers who acquired service were
observed to maintain it for 20 months, and only
4 customers are observed to discard service after
20 months.
Though Figure 5 indicates comparable performance

from each of the best in class models on the acquisition
process, the model predictions from each of the three
baseline hazard functions on the retention process dif-
fer slightly. The difference between the hazard rates at
most durations of service is approximately 0.02. The
log-logistic specification has the smallest maximum
absolute error with regard to the observed retention
hazard. Based on this observation and the BIC val-
ues, we choose to present a more detailed view of the
results under the log-logistic specification (Model 1)
and demonstrate how our framework can be used to
value customers.5

The parameter estimates governing the log-logistic
acquisition process are �, = 0�08 (standard error =
4 Though one could add a stochastic error term to the acquisition
and retention processes, this would eliminate the convenience of a
closed-form likelihood function.
5 Results from the remaining best in class models are available in the
Technical Appendix online at http://mktsci.journal.informs.org.
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0�01), �-= 0�71 (SE= 0�02), and ẑ= 0�26 (SE= 0�01) for
the split-hazard probability. The parameter estimates
governing the log-logistic retention process are �, =
0�30 (SE = 0�01), �- = 1�31 (SE = 0�04), and �� = −0�82
(SE = 0�07). As the negative value of � indicates,
promotional activity decreases the probability that a
current subscriber will discontinue service. Interest-
ingly, the hazard rate, both expected from the model
and observed in our two samples, is initially increas-
ing before decreasing. That is, for a short time sub-
scribers are increasingly likely to discard service but
later become less likely to discard it.
While Figures 5 and 6 demonstrate the model’s per-

formance for each of the marginal processes, it does
not shed light on the joint process. We next examine
the joint accuracy of the model by comparing its pre-
dictions to the data, as originally explored in Table 1.
In Table 3, we show the estimated joint distribution
of customers who subscribe by the end of the obser-
vation period.
In our calibration sample, 84.1% of the customers

do not acquire service during the observation period,
which is also predicted accurately by the model. In
Table 3, we find that the model closely captures
observed acquisition and retention behavior with no
more than a 2.6% absolute error in any cell. While
only 15.9% of the calibration sample acquires ser-
vice during the observation period, based on our
estimate for z under Model 1, we expect that approx-
imately an additional 10% of customers will even-
tually acquire service at some point in the future.
Thus, even after 27 months of observations (our entire
data period), a large number of prospects are still
likely to acquire service. This type of insight and fore-
cast requires a formal model that uses the time until
acquisition unlike previous methods (e.g., Reinartz
et al. 2005, Thomas 2001). The firm can subsequently
use such estimates of the service’s penetration among
prospects to more effectively allocate resources among
acquisition and retention activities.

Table 3 Joint Distribution of Customers Subscribing During the
Acquisition Period

Retention (%)

Within Between 4 and After
3 months of 12 months of 12 months of Right

Acquisition acquisition acquisition acquisition censored

Between 1 and Observed: 19.3 O: 17.7 O: 3.6 O: 4.5
3 months Predicted: 16.7 P: 20.1 P: 4.1 P: 3.5

Between 4 and O: 9.6 O: 16.5 O: 1.5 O: 5.7
12 months P: 11.2 P: 15.7 P: 2.5 P: 5.1

After 12 months O: 6.3 O: 4.5 O: 0 O: 10.8
P: 5.7 P: 5.4 P: 0.1 P: 9.9

Note. O= observed, P= predicted by Model 1.

Figure 7 Expected Tenure as a Function of Time of Acquisition
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Our estimate for the covariance parameter � ( �� =
44�02, SE = 9�75) supports the positive relationship
between time of acquisition and duration of service
retention, as briefly demonstrated in Table 3.6 To
demonstrate the impact of the correlation between the
two processes rather than just report ��, we present the
ET as a function of the time of acquisition in Figure 7.
The ET for a customer acquiring service after

1 month is 10.3 months, which increases for cus-
tomers who acquire service in later months. Cus-
tomers acquiring service after 1 year have an ET of
14.5 months, more than 40% longer than customers
acquiring service after 1 month. If we were to ignore
the correlation between the acquisition and reten-
tion processes, as in Model 2, the ET would be 12.7
months, indicated by the dashed line in Figure 7. Note
that under Model 2, neither linked propensities nor
correlated outcomes are present and thus the time of
acquisition is assumed to be completely independent
of the duration of service retention.

6. Computing Discounted Expected
Value for Managerial Decisions

As shown in Figure 7, when we consider the corre-
lation between acquisition and retention, the ET of
service subscription is greater for subscribers who
acquire service later. Does this imply that later sub-
scribers are always more valuable to the service
provider? While ET increases for later subscribers,
future revenue streams are discounted which may
temper their increased tenure.
To assess which customers are the most valuable,

we compute the discounted expected value (DEV) of

6 The possible range for � given the other parameter estimates is
−107�9 to 122.6.
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Figure 8 Discounted Expected Value
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customers based on their time of acquisition. To esti-
mate the DEV, we modify Equation (18) to incorpo-
rate a discount factor. The DEV of a customer who
acquires service after t months under observation is
given by

DEV�t=
�∑

y=1

(
m�t

�1+ dy+t
· p2�t� y

z · f �t

)
� (19)

The summation takes the calculation of ET from Equa-
tion (18) for a customer who acquires service in month
t, discounts it for each month in the future by a fac-
tor of d, and multiplies that by the margin of service
m�t.7

In Figure 8, we assume a 15% annual discount rate
and a margin consistent with the service provider’s
current pricing to demonstrate how the DEV changes
based on the time of acquisition.8

Initially, the DEV of subscribers increases with their
time of acquisition from a value of $34.85 for those
who acquire after just one month to $41.72 for those
acquiring in month five, an increase of 20%. Despite
the increase in ET with the time of acquisition, the
DEV diminishes for prospects who acquire service
after five months. Although late-arriving customers
have a longer expected tenure, they do not acquire
service for several months (or years), thereby dimin-
ishing the present value of their longer subscriptions.
If we were to erroneously ignore the relationship

between time of acquisition and retention, our esti-
mate of DEV (based on Model 2) is reflected by

7 This calculation can easily be generalized to accommodate multi-
ple latent classes by incorporating the updated probability of class
membership qs , based on the time of acquisition.
8 While we assume the costs of providing service to be zero, if such
information were available it could easily be incorporated (e.g.,
Gupta and Zeithaml 2006).

the dashed line in Figure 8, which is monotonically
decreasing with the time of service acquisition. While
the estimates of DEV with and without the rela-
tionship between acquisition and retention eventually
mirror each other, early subscribers are overvalued
when the relationship is ignored. In particular, a cus-
tomer who subscribes after one month would have
an estimated value of $43.49, which is 25% greater (a
very significant amount) than our model-based esti-
mate when the two outcomes are linked, highlight-
ing the need to account for the relationship between
acquisition and retention.
This example illustrates the applicability of our pro-

posed framework, as DEV can be incorporated into
managerial decisions such as resource allocation and
customer targeting (e.g., Rust and Chung 2006). As
a measure of the long-run revenue generated by a
subscription, it can also be weighed against the costs
of acquisition activities and marketing expenditures
(e.g., Gupta and Zeithaml 2006). Thus, a provider
should be cautious of implementing proposed pro-
motional activities or other initiatives for which the
cost exceeds the DEV of the prospects at which they
are aimed. Miscalculations of DEV, such as the one
illustrated above, could lead the firm to devote more
resources than it should to some of its customers. In
addition, the resulting joint acquisition and retention
curves can be incorporated into the kinds of resource
allocation tasks that have been discussed by authors
such as Blattberg and Deighton (1996). Our estimate
of DEV can also be incorporated into dynamic pro-
gramming applications. For example, managers can
determine, based on the DEV and the acquisition pro-
cess, when acquisition activities should cease.

7. Conclusions and Implications
We have developed a bivariate correlated split-hazard
model of the time until acquisition and duration for
which customers retain service. Our model allows us
to estimate the fraction of customers who will even-
tually acquire service and to explore the joint tim-
ing process. In the spirit of Park and Fader (2004),
we allow for double correlation within and across cus-
tomers for these two processes. While other work has
examined the relationship between a binary acquisi-
tion process (e.g., a yes/no decision) and subsequent
retention, to the best of our knowledge, our work is
the first to jointly model the sequential acquisition
and retention spells in a contractual setting.
Testing for the link between acquisition and reten-

tion can have important implications for marketing
activities such as customer valuation and resource
allocation. If a link exists between the acquisition
and retention processes, certain customers may be
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more valuable to the firm than others, as demon-
strated by Figure 8. In our application, we find a pos-
itive relationship between the time of acquisition and
subsequent duration of service for those who acquire
service. While those who acquire service later tend to
keep service for longer durations, this benefit must be
weighed against the time (and cost) it takes to acquire
these prospects. If pricing information and the cost
of acquisition efforts were available, our measure of
DEV could be incorporated into a break-even analy-
sis to determine if and when the firm should cease
acquisition efforts.
There are certain limitations to our proposed

methodology that must be acknowledged. First, our
data covers only one service for one company; as
such, it is premature to generalize our findings to
other applications. In addition to considering a wider
range of services, future research should also consider
the interplay of competing services and/or firms in
the acquisition and retention of service with a partic-
ular provider. Popular notions such as share of wallet
require extensions to the multiservice and multifirm
setting.
We find support for a single class of customers who

exhibit correlated acquisition and retention behavior.
Alternative baseline hazard specifications, however,
yield results in which multiple classes of customers
exhibit conditionally independent acquisition and
retention behavior within their classes. Data that is
not as coarse may enable for greater differentiation
between these competing stories, as authors using
more granular data (e.g., Park and Fader 2004) have
found support for both types of correlation. Based
on Figures 5 and 6, which reveal that the alterna-
tive model specifications perform similarly (especially
with regard to the acquisition process), a latent class
approach and a model of correlated processes may be
able to approximate each other. As such, additional
research is warranted in assessing the limitations
imposed by discrete-time data on modeling correlated
behavior, as well as more clearly assessing the type of
correlation that exists in the data.
Future work should also introduce other market-

ing variables and customer characteristics to which
we did not have access. This would allow the model-
ing framework to be used to assess the implications
of different policies, as well as the value of target-
ing customers with specific actions (e.g., Palmatier
et al. 2006). If additional information about customers
were available, such as customers’ expected future
usage of the service (e.g., Lemon et al. 2002), this
could be linked to both the acquisition and the reten-
tion processes. It would also be useful to determine
if the mode of acquisition has any impact on the
acquisition-retention relationship. In addition, mod-
els must be developed to determine what aspects of

behavior are impacted by marketing activities. While
some types of intervention may affect acquisition or
retention (or both), they may also affect the rela-
tionship between the two processes (e.g., allow � to
be a function of X�t). It might also make sense to
investigate whether there is a dynamic aspect to this
relationship: Does the acquisition-retention associa-
tion evolve over time (� as a function of t) as a service
(and its customer base) matures? The future pool of
customer prospects might have different acquisition-
retention tendencies than the current group. These
tendencies may also be influenced by the behavior of
current and lapsed customers via word-of-mouth.
It is too early to speculate about the existence and

nature of such dynamic relationships. We do hope
that other researchers will continue down this path to
better understand the interplay among the underly-
ing processes that new customers follow as they come
to a new service provider and subsequently depart. It
is not clear what kinds of substantive observations or
“empirical generalizations” will arise, but it is impor-
tant for researchers to use the right tools to uncover
and characterize them in future investigations.
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Appendix. Derivation of Mixing Functions
A general form of the mixing function for the Sarmanov
family of bivariate distributions is given in Equation (5).
Rewriting it to account for the discrete-time data, we replace
the integral with a summation over all periods of time

��x= f �x−∑
t

f 2�t� (20)

For the acquisition and retention processes, the discrete-
time probability mass function is given by

f �t= S�t − 1− S�t for t = 1�2�3� � � � � (21)

where S�t is the survival function at time t. Substituting
Equation (21) into Equation (20), we find that

��x= �S�x− 1− S�x−
�∑

t=1
�S�t − 1− S�t2� (22)

Expanding Equation (22) yields

��x = �S�x−1−S�x

−
( �∑

t=1
�S�t−12−2

�∑
t=1

�S�tS�t−1+
�∑

t=1
�S�t2

)
� (23)

which can be rewritten as

��x = �S�x− 1− S�x

−
( �∑

t=0
�S�t2− 2

�∑
t=1

�S�tS�t − 1+
�∑

t=1
�S�t2

)
� (24)
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and then as

��x = �S�x− 1− S�x

−
(
1+

�∑
t=1

�S�t2−2
�∑

t=1
�S�tS�t−1+

�∑
t=1

�S�t2
)

� (25)

Further simplifying Equation (25), we derive the final form
of the mixing function

��x = �S�x− 1− S�x

+ 2
( �∑

t=1
S�t��S�t − 1− S�t

)
− 1� (26)
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