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Abstract

Products and services are increasingly offered with contracts of different lengths. Consumers’

choice of a specific contract involves an intertemporal decision, as they have to discount future

utility. Given the long duration of some contracts, consumers’ instantaneous utility for a service

may be time dependent arising from potential changes in their future needs. We study individuals’

discounting of future benefits while allowing for changes in instantaneous utility. We gather ex-

perimental data from price matching tasks for a subscription-based service and identify discount-

ing patterns using a latent change-point model. Our results show that models with change-points

fit the individual’s discounting pattern significantly better than models without. There is also

conceptual superiority of including change-points as these are highly correlated with durations

that consumers may consider in their decisions (e.g., planning horizon or time till graduation). In-

terestingly, the individual’s discounting pattern is consistent with exponential discounting in the

absence of change-points but follows a hyperbolic discounting pattern when allowing consumers’

instantaneous utility to change over time.

Keywords: Intertemporal Discounting, Time dependent Preferences, Change-Point Model.



1 Introduction

Consumers frequently contend with intertemporal choices between an outcome in the present and

in the future. Such decisions may involve choosing an immediate consumption (e.g., buying a car)

or saving money for future consumption (e.g., for retirement) or the choice between a short-term

contract with more flexibility but a high price per time unit and a longer-term contract with less

flexibility but a smaller price per time unit.

Subscriptions or flat rate plans are popular pricing mechanism for a variety of products and

services such as health clubs, online information services, newspapers, Internet access, software

updates or pay TV. In many cases, subscriptions are offered with quite long contract periods. For

example, in the U.S., the Economist offers a 2-year subscription of its magazine for $335 and in

Europe a 3-year subscription at a price of e715. Similarly, McAfee offers a 3-year subscription

of its Internet security software for $149 and Microsoft offers students a 4-year subscription of

its product Office 365 University for $79. Still other services such as 24 Hour Fitness (24hourfit-

ness.com) offers a 2-year membership to its over 400 gyms nationwide at a price of $1,230 or a

3-year membership at a price of $1,497. From a firm’s perspective, there are several advantages

of selling longer contracts to customers. First, the marginal cost, especially for largely fixed cost-

based products or services, are low or even zero. Second, customer lock-in effects can be achieved.

Third, as customers usually pay the full subscription price at the beginning, a firm can leverage

the increased assets based on interest rates in the marketplace.

From consumers’ perspective, the primary incentive for choosing a longer subscription comes

from price discounts. Beyond that, consumers’ choice of a specific plan or tariff involves an in-

tertemporal decision, as they have to discount their expected future utility. Past literature on

intertemporal discounting shows that uncertainty and potential changes in future needs plays

an important role in how consumers make decisions in the present (DellaVigna and Malmendier

2004; O’Donoghue and Rabin 2000, 1999). In the case of long contracts, consumers’ instantaneous

utility for a service may be time dependent arising from potential changes in their future needs

(e.g., Kahneman and Snell 1992; Simonson 1990; Walsh 1995; Loewenstein et al. 2003). For exam-

ple, Loewenstein, O’Donoghue, and Rabin (2003) show that people anticipate a change in their
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preferences over time. Consumers anticipation of changing tastes and utility may affect their in-

tertemporal decisions when subscribing to contract-based products or services and in particular

when such contracts last over such long durations as two to four years.

A variety of underlying drivers can be responsible for why individuals may expect a change

in their instantaneous utility for a service. First, they may expect changes in technology or in their

personal life in the near future, which can render a service less attractive.1 Second, past stud-

ies show that “habit formation” (Pollak 1970; Ryder and Heal 1973; Wathieu 1997) and reference

points have a strong impact on the individuals’ expectations of future utility and discounting be-

havior (Loewenstein 1988; Loewenstein and Prelec 1992; Shelley 1993). It is likely that consumers’

preference for a service changes when its contract length is beyond a reference duration (Loewen-

stein and Angner 2003; Meier and Sprenger 2010; Baucells and Sarin 2010; Cohen and Axelrod

1984; O’Donoghue and Rabin 2002). The reference time points (reference durations) that individ-

uals use in how they discount future benefits may differ from one context to another. In some

situations, it may be obvious what specific reference time point consumers will use (e.g., retire-

ment age for retirement benefits). In other contexts, however, there could be multiple reference

time points. For instance, when choosing a contract for health club membership, consumers may

evaluate available contracts by comparing them to the typical contract length they subscribe for

or to their individual personal planning horizon (which they consider when making a decision

about future consumption). Thus, while identifying individuals’ discounting patterns, it would

be important to accommodate changes in their expected instantaneous utility. In terms of a model-

ing framework, a latent change point model (Barry and Hartigan 1993; Khodadadi and Asgharian

2008; Kapur et al. 2011; Fong and DeSarbo 2007), which has been used in other marketing contexts

to accommodate changes in model parameters before and after an event, is eminently suitable to

capture changes in expected instantaneous utility when estimating the individuals’ discounting

patterns. To the best of our knowledge, our paper is the first that employs a latent change-point

framework while determining consumers’ discounting patterns.

1According to the OECD Employment Outlook 2013, employees in the U.S. as well as in Europe are more often
changing their jobs and job tenure is decreasing in all OECD countries (20% of all employees have to change their
job in less than 12 months). Also the geographic mobility of consumers is increasing. According to the U. S. Census
Bureau, more than 20% of all U.S. citizens move every year resulting in 17 million long-distance moves annually. With
such movement, long service contracts become less attractive. Furthermore in many product categories, the technology
underlying the product is changing rapidly (e.g. the product lifecycle of cellphones is in many cases less than one year).
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In this paper, we study and analyze the individuals’ discounting behavior allowing for tem-

poral changes in their expected instantaneous utility (or per-period flow utility) of a product or

service. To demonstrate the importance of latent change-points in the identification of the discount

function, we collect data following an experimental paradigm and elicit consumers’ discounting

behavior for future benefits in the context of subscriptions. We employ experimental studies that

involve matching tasks in which participants state a price that would make them indifferent be-

tween a baseline contract of an Internet access service (e.g., a one-month service contract with a

price $30) and one with longer duration (e.g., a six-month contract). To identify discounting pat-

terns from the matching tasks, we propose a model of consumer’s intertemporal discounting that

accounts for changes in their expected instantaneous utility from consuming the service via latent

change-points. Our model thus accommodates shifts in the consumers’ discounting behavior due

to the interplay of contract length, and the consumers’ change in expected instantaneous utility.

We emerge from the work with three key findings. First, we show that models with latent

change-points in the expected instantaneous utility fit the data on individuals’ valuation of a

service significantly better than models with no change-point. Second, there is also conceptual

superiority of including latent change-points in the modeling framework as these are highly cor-

related with typical reference durations that consumers may consider in their decisions (e.g., time

to graduation). This further emphasizes the need to account for reference durations in consumers’

discounting behavior. Third, while consumers’ discount function is an exponential (constant)

function in the absence of change-points, an inclusion of change-points allows us to identify that

individuals discount future benefits following a hyperbolic pattern. Our results also have impor-

tant implications for firms offering their products or services with subscription contracts as de-

termining the correct discount rate matters for such managerial decisions as optimal pricing (Yao

et al. 2012; Dubé et al. 2014) or targeting a service subscription to a specific customer segment.

The remainder of the paper is organized as follows. In Section 2, we describe an online exper-

iment using matching tasks that provides initial evidence for the presence of reference durations

and the need to accommodate latent change points. In Section 3, we propose a model incorpo-

rating latent change-points that allows us to infer discounting patterns from the matching tasks.

Section 4 formally analyzes the data from the first experiment. In Section 5, we describe a second
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study that allow us to provide a more direct evidence of a causal link between reference durations

and change points as well as to show the robustness of the results in Study 1. Section 6 concludes

with a summary of results, discussion of underlying theoretical constructs and directions for fu-

ture research.

2 Study 1 - Online Experiment

In our first study, we use an adaptive online survey to determine the pattern of the consumers’

discounting of future benefits that they receive from access to a service. We choose Internet access

as the focal service based on a pretest that indicated a majority of consumers use the service and

are comfortable with answering questions related to its pricing. Participants are asked to state a

price that would make them indifferent between a baseline contract (e.g., a one-month contract

with a price $30) and one with longer duration (e.g., a six-month contract). We use pairwise

matching tasks as our primary interest is in inferring consumers’ discounting pattern for different

contract durations and not in their absolute willingness-to-pay (WTP) for the focal service (e.g.,

Thaler 1981).

Procedure

In the first study, 212 graduate and undergraduate students from a Swiss university completed

the online survey. At the beginning of the study, we asked respondents three questions related to

the price they are willing to pay for Internet access - (Q1) the price which makes them indifferent

between having Internet access for one month and no service, (Q2) the number of months of

Internet access they expect if they pay CHF 1502 and (Q3) the price which makes them indifferent

between having Internet access for three months and no service. Using the responses to the three

questions, an online program calculated the average price which a participant is willing to pay for

one month of Internet access (p1).3

Past research on intertemporal preferences has used matching tasks to determine how con-

2CHF 150 correspond to $ 150 at the time when the experiment was conducted
3To determine the average price for a respondent, the online program divided CHF 150 by their answer for question

(Q2) and their answer for question (Q3) by three. Using these numbers, the online program then averaged the answers
of the three questions (Q1) to (Q3). The responses to the three questions were highly correlated with the correlations
being 0.79 (between Q1 and Q2), 0.91 (between Q1 and Q3) and 0.78 (between Q2 and Q3).
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sumers discount monetary outcomes at future time points (e.g., receive $100 in the present versus

$150 after one year) and calculate their discount rate from the ratio of current and future outcomes

(Thaler 1981). In line with past research, we also used a matching task and asked participants to

answer questions of the following nature in which they stated the monthly fee (in CHF) that makes

them indifferent between a one-month baseline contract and a longer contract duration, i.e.,

"For which monthly price pj , would you choose a subscription contract of duration Tj

months as compared to a one-month contract of price p1? CHF pj .−"

with pj being the monthly payment and Tj the contract duration (e.g., 12 months). As noted ear-

lier, the price p1 for the one-month baseline contract duration for each respondent was customized

based on their responses to the three initial questions. We term the price pj as the monthly indif-

ference price in the following discussion.

Each participant answered ten questions about their monthly indifference price for subscrip-

tions with various contract durations (i.e., 3, 6, 9, 12, 18, 24, 30, 36, 48, and 60 months). The order

of questions was counterbalanced across participants. All participants were instructed that they

would be paying the access fee for the entire contract at the beginning.

After completing the matching tasks, we collected data from participants on possible dura-

tions they may use as a reference while considering subscription plans for Internet access - (1.)

maximum contract duration they would consider to subscribe, (2.) maximum contract duration

they have ever subscribed to, (3.) the time until their (expected) graduation, and (4.) their actual

personal planning horizon (in months).

Model-Free Analysis

To provide model-free evidence, Table 1 shows the changes in respondents’ average monthly in-

difference price for Internet service with different durations. To illustrate how we determine the

changes in the monthly indifference price, consider the value in the second quarter (- 1.99). We

calculate this value as follows: for each respondent, we take the difference between their monthly

indifference price for a six-month contract and three-month contract and then average it across re-

spondents. The changes in the average monthly indifference price for other durations (e.g., quar-
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ter, half-yearly and yearly) are calculated in a similar manner. The results show that the change in

the average monthly indifference price decreases (in absolute terms) as a duration is more distant

from the present. However, when the contract duration gets extended by a fourth half year (when

considering half-year durations) or a third year (when considering yearly durations), there is an

increase (in absolute terms) in the monthly indifference price for Internet access. We perform a

paired comparison t-test to determine whether each successive change in the monthly indiffer-

ence price is significantly different from the previous value. For the yearly extensions in contract

duration, all changes are significant (p < 0.05).4 Figure 1 graphically illustrates the changes in the

monthly indifference price (in absolute terms) when the contract duration extends by a quarter,

half-year and a year, respectively. The dashed lines show the 95% confidence interval.

Figure 1: Study 1 (Online Survey) - Change in Monthly Indifference Price with Contract Duration
(in Absolute Terms)
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In summary, from the model-free analysis, it is unclear whether individuals are discounting

future benefits in a hyperbolic or an exponential manner. In fact, the non-monotonic pattern as

shown in Figure 1 cannot be explained by either hyperbolic or exponential discounting if each

individual keeps a constant instantaneous benefit over time. One possible explanation for the

observed pattern in the monthly indifference prices is that the discounting pattern may still be

described by a hyperbolic (or even an exponential) function albeit consumers’ valuation of the

service are changing with contract duration. For instance, consumers may value a subscription

4We show the monthly indifference price for Internet service averaged across respondents and it has a non-
monotonic pattern with duration. While there may be heterogeneity across respondents in their valuation of the service,
under either exponential or hyperbolic discounting, the individual plots should also be monotonically decreasing. And,
the sum (or average) of a set of monotonically decreasing functions would be monotonically decreasing as well. Thus,
heterogeneity across respondents alone cannot explain the non-monotonic pattern that we see in our data. With that
being said, in the formal model presented later, we account for customer heterogeneity on multiple dimensions.
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Table 1: Study 1 (Online Survey) - Change in Monthly Indifference Price with Contract Duration

Extension of Average Change in
Contract Duration Tj Monthly Price pj

1→ 3 (1. quarter) -4.52
3→ 6 (2. quarter) -1.99
6→ 9 (3. quarter) -1.11
9→ 12 (4. quarter) -1.39

1→ 6 (1. half year) -6.51
6→ 12 (2. half year) -2.50
12→ 18 (3. half year) -1.92
18→ 24 (4. half year) -2.04
24→ 30 (5. half year) -2.67x

30→ 36 (6. half year) -2.36

1→ 12 (1. year) -9.01
12→ 24 (2. year) -3.96*
24→ 36 (3. year) -5.03*
36→ 48 (4. year) -3.84*
48→ 60 (5. year) -2.85*

* p < 0.05 x -2.67 is significantly lower than -1.92

less so when its duration is beyond what they typically subscribe for. Such decrease in the valu-

ation of a service will translate into a large price discount which consumers require to subscribe

to a longer contract duration. To analyze the discounting pattern in a more formal manner, we

propose a model of consumers’ intertemporal preferences in the next section.
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3 A Model of Consumers’ Intertemporal Preferences

In this section we derive a model of consumers’ intertemporal preferences. We begin with a dis-

counted utility model that incorporates consumer discounting of future benefits over continuous

durations. Next, we discuss the specifics of the discount function and propose a change-point

model to capture temporal changes in consumers’ valuation for service. We conclude with a dis-

cussion of model estimation.

3.1 Utility Model

Consider consumer i at time t = 0 facing J plans, each of which provide access to a service (e.g.,

a health club or Internet access service). Each plan j (j = 1, . . . , J) is described in terms of length

of time the consumer can access the service (starting at time t = 0) and a one-time fee for the

entire contract duration to be paid at the beginning of the contract (e.g., a health club membership

for three months for a fee of $300). While the time unit for the length of contract can be general

(e.g., a day, a week or a month), we use months to be consistent with the data collection in our

experiments. For plan j, let the contract duration be Tj months, where Tj ≥ 1. We assume that

the expected utility consumer i associates with plan j, vij(Tj), starts from zero, vij(0) = 0, and

increases with duration. We formulate a discounted utility specification (Samuelson 1937) in a

way that the expected utility from plan j depends on the duration that a consumer has access to

the service. Thus,

vij(Tj) =

∫ Tj

t=0
νiδi(t)dt, (1)

where νi ≥ 0 is the expected instantaneous utility (or per-period flow utility) for consuming the

service.5 The individual-specific function δi(t) is for discounting future utility from ongoing access

to the service.

Note that the impact of the two components of the discounted utility specification (the per-

period flow utility and the discount function) on the overall valuation of the service cannot be

identified non-parametrically without imposing structure. To this end, we leverage past research

5Note νi is assumed to be time invariant. Later, we extend the model and allow νi to be time dependent.
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on intertemporal discounting that has shown that individuals have present-biased preferences,

which results in a hyperbolic pattern in their discount rates (Strotz 1955; Thaler 1981). It is, there-

fore, reasonable to expect such a discount pattern in the present context as well. We postulate a

functional form that allows for hyperbolic discounting, and nests constant (exponential) discount-

ing, as discussed and proposed in Loewenstein and Prelec (1992). Thus, we assume the following

generalized hyperbola for the discount function:

δi(t) = (1 + αit)
− βi
αi , αi, βi > 0. (2)

The parameter αi captures the divergence from constant discounting. As the parameter αi be-

comes close to 0, the discount function δi(t) becomes an exponential function with the discount

rate βi, i.e. δi(t) = exp(−βit).

To develop the empirical specification of the model, let Yi be the income of consumer i and

EUi(Yi) denote his expected utility of income Yi evaluated at t = 0. For consumer i, let poi (1)

denote the observed price by a researcher for a one-month contract (i.e., the baseline plan with the

shortest duration). Let p∗i (Tj) denote the price for plan j with duration Tj months (Tj > 1) paid

at t = 0 that makes a consumer indifferent at time t = 0 between the one-month plan at price poi (1)

and switching to plan j. For a consumer, the expected utility for a one-month plan at price poi (1)

and for a plan with a contract duration of Tj months, with a total price of p∗i (Tj), can be equated

as follows: ∫ 1

t=0
νiδi(t)dt + EUi(Yi − poi (1)) =

∫ Tj

t=0
νiδi(t)dt + EUi(Yi − p∗i (Tj)) (3)

A rearrangement of terms in Equation (3) leads to

EUi(Yi − poi (1)) − EUi(Yi − p∗i (Tj)) =

∫ Tj

t=0
νiδi(t)dt −

∫ 1

t=0
νiδi(t)dt. (4)

Let Yi � p∗i (Tj). In this case, the marginal utility of income, ki, can be treated as a constant in

the range of [Yi− p∗i (Tj), Yi] . Following a Taylor Expansion to the first order, Equation (4) leads to
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the following:

p∗i (Tj)− poi (1) =

∫ Tj

t=0

νi
ki
δi(t)dt−

∫ 1

t=0

νi
ki
δi(t)dt

p∗i (Tj) =

∫ Tj

t=0

νi
ki
δi(t)dt + poi (1) −

∫ 1

t=0

νi
ki
δi(t)dt (5)

We divide Equation (5) by duration Tj to obtain the monthly price that makes consumers indif-

ferent between a one-month contract and a contract with duration Tj . Thus,

p∗i (Tj)

Tj
=

∫ Tj

t=0

νi
Tjki

δi(t)dt +
poi (1)

Tj
−

∫ 1

t=0

νi
Tjki

δi(t)dt (6)

Let poi (Tj) denote the observed total indifference price of consumer i for a contract of duration

Tj . We assume that:

poi (Tj)

Tj
=

p∗i (Tj)

Tj
+ εiTj , εiTj ∼ N(0, σε) (7)

where εiTj captures the measurement error from the survey that is assumed to be i.i.d. across

all plans and respondents. In sum, the relationship between indifference prices for a one-month

contract duration and longer contract durations can be described as follows:

poi (Tj)

Tj
=

∫ Tj

t=0

νi
Tjki

δi(t)dt +
poi (1)

Tj
−

∫ 1

t=0

νi
Tjki

δi(t)dt+ εiTj , (8)

3.2 Change-Point Model

Consumers’ valuation for a service can be time dependent. For instance, the valuation may change

when the contract length for a service is beyond a threshold duration (Loewenstein and Angner

2003; Meier and Sprenger 2010; Baucells and Sarin 2010; Cohen and Axelrod 1984; O’Donoghue

and Rabin 2002). Such a change in valuation can have multiple underpinnings e.g., potential

changes regarding either the future need for the service (would a subscription to a health club be

useful beyond a year) or the ability to use it (any relocation will make a long contract for the local

health club unattractively). In this paper, we capture the temporal changes in service valuation

(as described below) but do not focus on disentangling among the different reasons.
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There are two approaches for capturing changes in consumers’ valuation of a service - allow

for temporal discontinuity in either the expected instantaneous (or per-period flow) utility, νi,

or in the parameters of the discount function, αi, βi. We estimate and test both approaches, but

adopt the former approach for the following reasons. First, past work in the area of intertemporal

discounting shows that a discount function plays a fundamental role in how consumers value

future rewards. Several different psychological mechanisms may account for a hyperbolic pattern,

including visceral factors and impulsivity (e.g., Ainslie 1975; Loewenstein 1996) and differences

in cognitive representations between near and future events (e.g., Malkoc and Zauberman 2006;

Zauberman and Lynch 2005). These findings collectively are indicative of the robust nature of

discount function. Thus, an approach that allows for temporal changes in the parameters of a

discount function may be inconsistent with prior findings. Second, in our empirical setting, our

proposed approach fits the data significantly better than one that allows for temporal changes in

the parameters of the discount function.

We accommodate changes in individuals’ valuation for contracts by allowing the expected

instantaneous (per-period flow) utility for consuming the service, νi, to vary over time. Therefore,

we employ a change-point framework to capture structural breaks in the consumers’ expected

instantaneous utility (Khodadadi and Asgharian 2008).

For consumer i, suppose there is a single change-point in their expected instantaneous utility,

let τi denote the latent change-point. We specify that νit = νi1 for t < τi and νit = νi2 for t > τi.

Assuming a single change-point, the expected utility for the service from plan j with duration Tj

can be specified as follows:

vij(Tj) =


∫ Tj
t=0 νi1 δi(t)dt if Tj < τi

∫ τi
t=0 νi1 δi(t)dt+

∫ Tj
τi
νi2 δi(t)dt if Tj ≥ τi

(9)

The expected utility function (9) together with the assumed functional form of the discount

function (2) and a latent change-point (τ1i), leads to the following estimable model:
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poi (Tj)

Tj
=


νi1

Tj ki (αi−βi) [λ(Tj)− 1] + ηi + εiTj , if Tj < τi

νi1
Tj ki (αi−βi) [λ (τi)− 1] + νi2

Tj ki (αi−βi) [λ(Tj)− λ(τi)] + ηi + εiTj , if Tj ≥ τi

(10)

with

λ (t) = (1 + αit)
1− βi

αi and ηi =
poi (1)

Tj
− νi1 [λ(1)− 1)]

Tj ki (αi − βi)
.

The model can easily accommodate multiple change-points in consumers’ expected instanta-

neous utility. For instance, assuming two latent change-points, the expected utility for the service

from plan j with duration Tj is specified as follows:

vij(Tj) =



∫ Tj
t=0 νi1 δi(t)dt if Tj < τ1i

∫ τ1i
t=0 νi1 δi(t)dt+

∫ Tj
τ1i
νi2 δi(t)dt if τ1i ≤ Tj ≤ τ2i

∫ τ1i
t=0 νi1 δi(t)dt+

∫ τ2i
τ1i

νi2 δi(t)dt+
∫ Tj
τ2i
νi3 δi(t)dt if τ2i ≤ Tj

(11)

Capturing two latent change-points (τ1i, τ2i) in consumers’ preferences for a service, the ex-

pected utility function (11), together with the discount function (2) results in the following es-

timable model (for j > 1):

poi (Tj)
Tj

=



νi1
Tj ki (αi−βi) [λ(Tj)− 1] + ηi + εiTj , if Tj < τ1i

νi1 [λ(τ1i)−1]
Tj ki (αi−βi) +

νi2 [λ(Tj)−λ(τ1i)]
Tj ki (αi−βi) + ηi + εiTj , if τ1i ≤ Tj < τ2i

νi1 [λ(τ1i)−1]
Tj ki (αi−βi) +

νi2 [λ(τ2i)−λ(τ1i)]
Tj ki (αi−βi) +

νi3 [λ(Tj)−λ(τ2i)]
Tj ki (αi−βi) + ηi + εiTj , if τ2i ≤ Tj

(12)

Note that we can capture more continuous changes in consumers’ expected instantaneous util-

ity by allowing for more change points. Model estimations on our data (discussed in the following

section of the paper) suggest that a single change point is sufficient.
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We adopt a Bayesian framework for simulation-based inference. The details of the Bayesian

estimation are given in the Appendix, which also describes an extensive simulation study that

we conducted to assess parameter recovery and to test the identification of the correct number of

latent change points in the flow utility. Next we discuss the estimation results from our model

using the data from Study 1.

13



4 Study 1 - Results of Model Estimation

We estimate our proposed model with the generalized hyperbola as well as a nested model with

exponential discounting. We refer to these models as the ”model considering hyperbolic dis-

counting” and the ”model considering exponential discounting”. To assess structural breaks in

the consumers’ expected instantaneous utility, we estimate both models without a change-point

as well as with one and two latent change-points. A comparison of the fit of these models will

show the benefit of accounting for latent change-points and reveal the magnitude of hyperbolic

discounting. We use Markov chain Monte Carlo (MCMC) methods to estimate the models. For

each model, we ran sampling chains for 400,000 iterations and assessed convergence by monitor-

ing every 10th value of the time series of the draws. We report the results based on 30,000 draws

retained after discarding the initial 10,000 draws as burn-in iterations.

We compare models using the Deviance Information Criterion (DIC), which accounts for the

hierarchical model structure, penalizes model complexity and can be used to compare non-nested

models(Ando 2007; Spiegelhalter et al. 2003a). Table 2 and Table 3 summarizes the results of our

model estimations. Comparing the DIC of models without change-points, exponential discount-

ing is superior to hyperbolic discounting. However, an opposite pattern emerges while compar-

ing the models with latent change-points (see Table 2). Models considering hyperbolic discount-

ing are significantly better than those considering exponential discounting. Furthermore, both

models with hyperbolic discounting and change-points are superior to the one with exponential

discounting and no change-point. Finally, the model that fits our data best is one with a single

latent change-point and hyperbolic discounting. That a single change-point is sufficient has face

validity based on the model-free evidence presented earlier.6

Parameter Estimates. Table 2 and Table 3 report posterior means as well as posterior variances

for all model parameters and their respective posterior 95% intervals. The posterior mean of the

latent change-point is τ1 = 21.02 months in the best fitting model with one latent change-point

and the posterior mean of the expected instantaneous utility (or per-period flow utility) is νi1 =

6We also compared the model specification that fits our data best (i.e., a single latent change-point in the expected
instantaneous, flow utility, νi, with hyperbolic discounting) with a model that accommodates a change point in the
parameters of the discount function (αi, βi) (while assuming that flow utility, νi, is constant). The DIC of the latter
model is 4892.03, which is significantly worse than our proposed model (4776.28).

14



53.25 and νi2 = 26.21, respectively. The distribution of the latent change point is captured using

a beta distribution (please see details in the Appendix) and the estimates are Beta(2.78, 5.18).

The average mean squared error of the model with a single latent change-point and hyperbolic

discounting is 0.68 and the average error variance is 2.99.7

The change-point models also provide information regarding when a change-point is likely

to occur for each individual (recall that the change-point is individual specific). Figure 2 shows

the probability density function (PDF) of the estimated change-point τ for all participants for the

best fitting model (model considering hyperbolic discounting with one latent change-point). The

figure also plots the empirical distribution of participants’ personal planning horizon, their time

until graduation, the maximum contract duration they would consider to subscribe to (Longest

Subscription) as well as the maximum contract duration they have ever subscribed to (Maximum

Contract Duration).8 The distributions of the participants’ personal planning horizon, the max-

imum contract duration they would consider to subscribe to as well as the maximum contract

duration they have ever subscribed to have multiple modes while the distribution of students

time until graduation is predominantly unimodal. The figure shows that the probability of a

change-point is highest at a duration of around 27 months, which is quite close to the modes of

participants’ planning horizon and their time for graduation. In addition, we find that there is

a strong positive correlation between participants’ estimated latent change-points and their time

to graduation (0.6057) as well as their planning horizon (0.5275). The correlation between partici-

pants’ estimated latent change-points and the maximum contract duration they would consider to

subscribe (0.1142) as well as the maximum contract duration they have ever subscribed to (0.1980)

is significantly lower.

7We calculated the individual discounted price predictions based on the single latent change point model and con-
structed the 95% confidence interval. Across all observations, none of the 95% confidence interval around the price
predictions contained 0.

8We applied a smoothing density estimator to the empirical distribution using the MATHEMATICA function
smoothhistogram.
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Figure 2: Study 1 (Online Survey) - Distribution of Change-Points and Participants Personal Plan-
ning Horizon, Time to Graduation, Longest Subscription as well as Maximum Considered Con-
tract Duration
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5 Study 2 - Fixed-Baseline Valuation

Study 1 shows that participants’ change point is correlated with their reference durations (e.g.,

planning horizon and time to graduation). The objective of Study 2 is to provide a more direct ev-

idence of a causal link between reference durations and change points. To address this objective,

we manipulate the reference duration that participants consider while valuing a service. Study 2

also allows us to test the robustness of the results in Study 1. To do so, the matching task in Study

2 is similar to that used in Study 1 with the sole difference that the baseline reference price of a

monthly contract is fixed across participants.

Procedure

Study 2 had a total of 307 participants who were assigned to two conditions termed as “No Prim-

ing” and “12-Month Priming”. All participants were masters-level students at a German university

and trained in business economics. We chose Internet access as the focal service with baseline

contract duration of one-month and price of e 309.

The “No Priming” condition had 137 participants. Each participant stated their maximum

monthly price (in e) that would make them indifferent between the baseline contract of one-

month at e 30 and a contract with a longer duration (i.e., 3, 6, 9, 12, 18, 24, 30, 36, 48, and 60

months). The order of questions was counterbalanced across participants. After the matching

tasks, each participant also stated their critical durations when subscribing to an Internet access

service - (1.) maximum contract duration they would consider to subscribe, (2.) maximum con-

tract duration they have ever subscribed to, (3.) the time until their (expected) graduation, and

(4.) their actual personal planning horizon.

The “12-Month Priming” condition had 170 participants. Each participant was primed that after

12 months an event may happen that will prevent them from using Internet service thereafter (the

instructor primed participants to think about a lucrative job offer abroad or similar life-changing

events). After the priming, the participants answered 10 matching tasks, same as those in priming

condition.
9e 30 correspond to $ 30 at the time when the experiment was conducted
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Following, we present first the results of a model-free analysis and after results from different

model estimations without a change-point as well as with one or two latent change-points.

5.1 “No Priming” Condition

Model-Free Analysis

Table 4 and Figure 3 shows the change in respondents’ average monthly indifference price for

Internet service with different durations (calculated in a similar manner as described in Study 1).

The pattern of changes in the monthly indifference price is similar to the one presented in Study

1. The change in the average monthly indifference price is decreasing (in absolute terms) as a

duration is more distant from the present. When the contract duration gets extended by a fourth

half year (when considering half-year durations) or a third year (when considering yearly dura-

tions), we find again an increase (in absolute terms) in the monthly price for an additional contract

period. We performed paired comparison t-test to determine whether each successive change in

the monthly indifference price is significantly different from the previous value. For yearly exten-

sions, the change from the second to the third year is significant (p < 0.05).

Figure 3: Experiment 2a (No Priming) - Change in Monthly Indifference Price with Contract Du-
ration (in Absolute Terms)
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Table 4: Experiment 2a (No Priming) - Change in Monthly Indifference Price with Contract Dura-
tion

Extension of Average Change in
Contract Duration Tj Monthly Price pj

1→ 3 (1. quarter) -4.02*
3→ 6 (2. quarter) -1.57
6→ 9 (3. quarter) -1.19
9→ 12 (4. quarter) -1.03

1→ 6 (1. half year) -5.59*
6→ 12 (2. half year) -2.23

12→ 18 (3. half year) -1.43
18→ 24 (4. half year) -0.68
24→ 30 (5. half year) -2.15
30→ 36 (6. half year) -1.10

1→ 12 (1. year) -7.82*
12→ 24 (2. year) -2.11
24→ 36 (3. year) -3.25*
36→ 48 (4. year) -1.58
48→ 60 (5. year) -1.19

* p < 0.05

We estimate our proposed model10 with the generalized hyperbola as well as a nested model with

constant (exponential) discounting. As in Study 1, to assess structural breaks in consumers’ ex-

pected instantaneous utility we estimate both models without a change-point and with one and

two latent change-points. For each model, we ran sampling chains for 400,000 iterations and as-

sessed convergence by monitoring every 10th value of the time series of the draws. We report the

results based on 30,000 draws retained after discarding the initial 10,000 draws as burn-in itera-

tions. Table 5 shows the estimates of our proposed model with the generalized hyperbola. A com-

parison of the models on Deviance Information Criterions (DICs) shows the benefit of accounting

for latent change-points and reveals the magnitude of hyperbolic discounting. Consistent with

the model-free evidence, a model with one latent change-point and hyperbolic discounting fits

our data best.
10Our model in Section 3 still applies for Study 2 (Experiment 2a). The only change is to set all poi = e 30
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The parameter estimates in Table 5 show that participants’ discounting of future benefits is

heavily biased towards the present. Recall that α equal to 0 leads to exponential discounting.

The parameter estimates of the latent-change-point distribution are Beta(1.21, 2.16). The average

mean squared error of the model with a single latent change-point and hyperbolic discounting is

0.264 and the mean error variance is estimated to be 0.34.11

Table 6 shows the estimates of our proposed model with exponential discounting. Similar to

Study 1, it is noteworthy that with no latent change-point, a model with exponential discounting

is superior to one with hyperbolic discounting. However, the inclusion of latent change-points in

our modeling framework allows us to uncover that individuals are discounting future benefits in

a hyperbolic fashion. Finally, the analysis also provides information on participants’ individual

latent change-points in their instantaneous (per-period flow) utility. We find that there is a strong,

significant positive correlation between participants’ individual latent change-points and their

individual time to graduation (0.583) as well as their individual planning horizon (0.478). The

correlation between participants’ latent change-points and the maximum contract duration they

would consider to subscribe (0.228) as well as the maximum contract duration they have ever

subscribed to (0.143) is significantly lower.

11We calculated the individual discounted price predictions based on the single latent change point model and con-
structed the 95% confidence interval. Across all observations, none of the 95% confidence interval around the price
predictions contained 0.
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5.2 “12- Month Priming” Condition

Model-Free Analysis

Table 7 and Figure 4 shows the changes in respondents’ average monthly indifference price with

duration (e.g., quarter, half-yearly and yearly). There is a noticeable shift after a contract duration

of 12-months suggesting that our priming influenced the pattern of monthly indifference prices.

For instance, a closer look at the half-yearly duration plot suggests that when the contract duration

is beyond 12-months, we find an increase (in absolute terms) in the monthly indifference price

for an additional contract period. Additionally, we find that there is a small, non-significant,

increase around 30 months. This pattern suggests that there may be two latent change-points in

the instantaneous utility of consuming the service - one change-point, due to our priming and a

second change-point, due to any intrinsic duration that participants consider.

Table 7: Experiment 2b (Experiment with 12-Month Priming) - Change in Monthly Indifference
Price with Contract Duration

Extension of Average Change in
Contract Duration Tj Monthly Price pj

1→ 3 (1. quarter) -2.78
3→ 6 (2. quarter) -1.56
6→ 9 (3. quarter) -1.08
9→ 12 (4. quarter) -1.06

1→ 6 (1. half year) -4.33
6→ 12 (2. half year) -2.15*

12→ 18 (3. half year) -4.26*
18→ 24 (4. half year) -1.60*
24→ 30 (5. half year) -1.19
30→ 36 (6. half year) -0.91

1→ 12 (1. year) -6.48
12→ 24 (2. year) -5.86*
24→ 36 (3. year) -2.10*
36→ 48 (4. year) -1.97
48→ 60 (5. year) -1.75

* p < 0.05
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Figure 4: Experiment 2b (Experiment with 12-Month Priming) - Change in Monthly Indifference
Price with Contract Duration (in Absolute Terms)
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Model-based Results

Table 8 shows the estimates of our proposed model with the generalized hyperbola. Consistent

with model-free evidence, a two change-point model with hyperbolic discounting fits our data

best. The Deviance Information Criterion (DIC) of the model with two latent change-points is

lower than the DIC of all other estimated models (see Table 8 and Table 9). The posterior mean

of the latent change-point provides further evidence of the impact of the priming on the instan-

taneous utility from consuming the service. The first latent change-point occurs around 11.36

months (close to the primed duration of 12 months) while the second change-point is around

22.06 months. That the first latent change-point is estimated to be close to the primed duration

provides evidence for a causal relationship between the reference duration and change-point.

The parameter estimates of the first latent-change-point distribution are Beta(25.1, 119.2) and

of the second latent-change-point distribution areBeta(6.53, 3.83), respectively. The average mean

squared error of the model with two latent change-points and hyperbolic discounting is 0.436 and

the error variance is estimated to be 1.869. As before in Study 1 and Study 2 - “No Priming” Con-

dition, comparing the DIC of models without change-point, we find that exponential discounting

is superior to hyperbolic discounting. Please see Table 9 for estimates of our proposed model with

exponential discounting.
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6 Discussion

Firms typically offer pricing contracts as a means of accessing a product or service. Subscriptions

(or flat rate plans) with long contractual durations are ideal as customer lock-in can be achieved.

For consumers, the primary incentive for choosing a subscription with a long contractual dura-

tion comes from the associated price discounts. Beyond that the consumers’ choice of a specific

plan involves an intertemporal decision, as they have to discount expected future utility from the

service. While evaluating the overall benefit of a service, it is likely that the consumers’ instan-

taneous utility is time dependent, especially with long contracts, as they may expect changes in

technology or in their personal life (e.g., moving due to changing jobs), which can render a ser-

vice less attractive. Incorporating such changes in instantaneous utility will be important when

determining how consumers discount future benefits.

In this paper we show that individuals’ discounting of future benefits from a service is influ-

enced by latent changes in their expected instantaneous utility and that capturing these changes

leads to a substantial impact on the nature of the identified discount function. For doing so, we

gather data from studies in which participants had to answer a set of matching tasks, i.e. to state

a price that would make them indifferent between a short baseline contract of an Internet access

service (e.g., one-month) and one with longer duration (e.g., a six-month contract). To identify

discounting patterns from the matching tasks, we propose a model of individuals’ intertempo-

ral discounting that accounts for changes in their expected instantaneous utility from consuming

the service via latent change-points. Our model identifies individuals’ discounting pattern due

to the interplay of contract length, and any changes in their expected instantaneous utility for the

service.

We have several important results. We find that models with latent change-points are em-

pirically superior to models without latent change-points. There is conceptual superiority of in-

cluding latent change-points as these are highly correlated with typical reference durations that

consumers may consider in their decisions (e.g., time to graduation). Interestingly, while a con-

sumers’ discounting pattern is consistent with exponential (or constant) discounting in the ab-

sence of change-points, an inclusion of change-points allows us to identify that individuals dis-
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count future benefits with discounts rates following a hyperbolic pattern. Finally, we find that our

proposed model that accommodates change-points in the expected instantaneous utility from a

service fits the data significantly better than a model that allows for change-points in the discount

function.

Our work will be of interest to researchers who study anomalies in consumers’ intertemporal

decisions. For instance, in the classic work of Thaler (1981), subjects showed present-biased pref-

erences i.e., hyperbolic discounting, a pattern that has been found in many subsequent studies

(Loewenstein and Prelec 1992; Laibson 1997; Ariely and Zauberman 2000; Ariely and Loewen-

stein 2000; Frederick et al. 2002). Collectively, these studies show that people do not discount in

a rational manner by employing a constant discount rate independent of time as assumed in the

discounted utility model proposed by Samuelson (1937). We add to this stream of work by show-

ing that allowing for changes in the expected instantaneous utility can be critical for uncovering

the hyperbolic discounting pattern.

For marketing practice, our results provide new ways in which customers could be segmented

and consequently which type of contracts should be targeted towards what type of customers.

While information regarding customers’ planning horizon is typically not available, their psycho-

graphics and demographics can provide reasonable proxies. For instance, students will have much

shorter planning horizons as they may be graduating and relocating. Similarly, single profession-

als, e.g., consultants, are more likely to relocate frequently. Such customers will value contracts

with shorter lengths and firms can optimally price these contracts to make them more appealing.

On the other hand, our research can also help firms in selling longer contract periods (e.g. longer

subscription or flat-rate plans) to customers. Past work suggests that determining the correct dis-

count rate is important for pricing (Yao et al. 2012; Dubé et al. 2014). Our results suggest that an

even larger price discount per time unit should be offered for subscriptions with contract periods

beyond the reference duration that consumers consider.

There are several avenues for future research. From a measurement perspective, we used

matching tasks which is a common procedure for collecting data to study individuals’ intertem-

poral discounting. Further research could show the impact of reference durations when discount

rates are estimated using other data collection methods such as choice tasks or field experiments.
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We analyzed consumers’ intertemporal decisions using subscription plans for Internet service.

Corroboration of these novel findings by subsequent research in other product and service cate-

gories, and possibly with subjects of different demographics, would be quite useful. Finally, we

have considered services in which the payment is upfront. There are contexts in which consumers

do pay a monthly fee even while subscribing for a yearly contract. For instance, many gym mem-

berships involve monthly payments even if one is on an annual contract. For such cases, our

model could be extended to incorporate the discounting of monthly fees as well. We hope this

paper encourages work in these and related directions.
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Technical Appendix

As shown in the main text of the paper, the estimated model without latent change-points is de-
fined by

poi (Tj)

Tj
=

νi1
Tj ki (αi − βi)

[
(1 + αiTj)

1− βi
αi − 1

]
+

poi (1)

Tj
−

νi1

[
(1 + αi)

1− βi
αi − 1)

]
Tj ki (αi − βi)

+ εiTj (A.1)

The estimated model with one latent change-point is defined by

poi (Tj)

Tj
=


νi1

Tj ki (αi−βi)
[λ(Tj)− 1] + ηi + εiTj , if Tj < τi

νi1
Tj ki (αi−βi)

[λ (τi)− 1] + νi2
Tj ki (αi−βi)

[λ(Tj)− λ(τi)] + ηi + εiTj , if Tj ≥ τi

(A.2)

with λ (t) = (1 + αit)
1− βi

αi and ηi =
poi (1)

Tj
− νi1 [λ(1)− 1)]

Tj ki (αi − βi)
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The estimated model with two latent change-points is defined by

poi (Tj)

Tj
=



νi1
Tj ki (αi−βi)

[λ(Tj)− 1] + ηi + εiTj , if Tj < τ1i

νi1 [λ(τ1i)−1]
Tj ki (αi−βi)

+
νi2 [λ(Tj)−λ(τ1i)]
Tj ki (αi−βi)

+ ηi + εiTj , if τ1i ≤ Tj < τ2i

νi1 [λ(τ1i)−1]
Tj ki (αi−βi)

+ νi2 [λ(τ2i)−λ(τ1i)]
Tj ki (αi−βi)

+
νi3 [λ(Tj)−λ(τ2i)]
Tj ki (αi−βi)

+ ηi + εiTj , if τ2i ≤ Tj

(A.3)

with λ (t) = (1 + αit)
1− βi

αi and ηi =
poi (1)

Tj
− νi1 [λ(1)− 1)]

Tj ki (αi − βi)
.

Below we describe the details for estimating the model with one latent change-point. The

estimation of a model without latent change-points or with two latent change-points is similar.

The model was coded in WinBUGS 1.4 (Bayesian inference Using Gibbs Sampling; Spiegelhalter

et al. 2003). All codes are available from the authors upon request.

Likelihood Let consumer i provide J observations. We assume that εiTj , which captures measure-

ment error from the survey is i.i.d. across plans and respondents. Let εiTj be normally distributed

with mean 0 and variance σε. For an observation j, let g(p
o
i (Tj)
Tj
|νi1, νi2, αi, βi, σε) denote the prob-

ability density function for a normal distribution evaluated with mean defined by equation A.2

and variance σε. Let Li denote the likelihood for data from consumer i. Then,

Li =

J∏
j=1

g(
poi (Tj)

Tj
|νi1, νi2, αi, βi, σε) (A.4)

Let there be N consumers. As observations across consumers are assumed to be independent, the

overall likelihood of the data is:

L =

N∏
i=1

Li (A.5)

The model contains several individual-level coefficients. We specify heterogeneity across con-

sumers by assuming a distributional specification. For model estimation, we reparameterize αi as

exp(ψαi ) and βi as exp(ψβi ) to ensure that they are positive. We assume that ψαi (ψβi ) is normally

distributed with mean µα(µβ) and variance σα (σβ). Similarly, we reparameterize the parameter

νi1 as exp(ζi1) and νi2 as exp(ζi2) to ensure they are positive. We assume that ζi1 (ζi2) is normally

distributed with mean µν1 (µν2) and variance σν1 (σν2).
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For the Bayesian estimation, we use the following set of priors for the population level param-

eters. For both parameters of the discount function (α, β) related to the mean of heterogeneity

distribution, namely, {µα, µβ} we set univariate normal prior with mean 0 and variance 1 and for

both utility parameters, namely, µν1, µν2 we set univariate normal prior with mean 3 and variance

1. These prior values allow for a reasonable range for the log-normal distribution. For all param-

eters related to the variance of the heterogeneity distributions, namely, {σα, σβ , σν1, σν2}, we set

independent inverse Gamma prior IG (0.01, 0.01). Finally, we also assume that σε has an inverse

Gamma prior IG (0.01, 0.01).

Posterior Distributions

Individual-level parameters: We carried out the estimation by sequentially generating draws of

(ζi1, i = 1, 2, ...n), (ζi2, i = 1, 2, ...n), (ψαi , i = 1, 2, ...n), (ψβi , i = 1, 2, ...n), (τi, i = 1, 2, ...n) from

their posterior distributions conditional on other parameters. For each individual-level parame-

ter, we used the Metropolis-Hastings algorithm with a random walk chain (Chib and Greenberg

1995, p330).

We used the step function in WinBUGS to implement the piecewise defined model in the Win-

BUGS framework and to estimate the posterior probability distribution of the latent change-point

τi on the interval (1, t). The change-point parameter τi has a continuous beta distribution as form-

ing the prior density Beta(a, b), where a and b have a log-normal prior with values (2,1). We multi-

plied the beta prior with T (in our application with 60, please see below the numerical simulation

study for a sensitivity analysis of the used values). The step() function can be used in WinBUGS

as an indicator (Boolean) variable. This function returns 1 if its argument is greater than zero, and

0 otherwise (see Spiegelhalter et al. (2003b) for more details about the step() function).

Population-level parameters: We generated (µα, σα, µβ, σβ, µν1, σν1, µν2, σν2) and σε given the draws

of individual-level parameters using the standard Gibbs Sampler (Gelman, Carlin, Stern, and Ru-

bin 1995).

For each model, we ran sampling chains for 400,000 iterations and assessed convergence by

monitoring every 10th value of the time series of the draws. We report the results based on 30,000

draws retained after discarding the initial 10,000 draws as burn-in iterations.
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We measured model fit with the Deviance Information Criterion (DIC) (Ando 2007; Spiegel-

halter et al. 2003a), the log marginal density calculated using Newton and Raftery (1994, p. 21)

importance sampling method and the Bayesian Information Criterion (BIC) (Schwarz 1978).

Simulation Study

The objectives of our simulation study are threefold. First, we assess how well our proposed

model is able to identify latent change-points in consumers’ intertemporal preferences. Second,

we demonstrate how well our proposed model is able to recover the true parameters of the simu-

lation. Third, we assess the sensitivity of our Bayesian estimation approach to the assumed priors.

For generating the observed monthly price indifference data for contracts of different lengths

(p
o
i (Tj)
Tj

), we specified the utility change-point model of intertemporal preferences as used in the

empirical application. The simulated parameter values of α, β and ν are drawn from log-normal

distributions. See Table A1 for the specific distribution values used to simulate the parameters of

the utility change-point models of intertemporal preferences. We chose these values as they are

similar to the estimated values in the empirical applications.

To demonstrate that our estimation approach can identify the correct number of change-points

in consumers’ flow utility, we simulated observed indifference prices for 200 individuals for ten

different contract periods (3, 6, 9. 12, 18, 24, 30, 36, 48, 60 months) where the underlying flow

utility ν has either zero, one or two latent change-points. In other words, we generated observed

data for individuals assuming that the true model for all individuals has either zero, one or two

latent change-points in their flow utility. For each true model of consumers’ intertemporal pref-

erences, we performed the data generation as follows. First, we simulated the individual-specific

parameters for each individual using α, β, ν(1), ν(2) and ν(3) (if applicable depending on the true

model) as well as τ1 and τ2 (if applicable depending upon the true model). Next, based on these

parameters, we computed individual-specific latent monthly indifference prices (p
∗
i (Tj)
Tj

) for each

of the ten contract periods. Finally, we added a stochastic error term to each observation to create

the observed data poi (Tj)
Tj

on indifference prices. For each data generating model (containing zero,

one or two change-points in the flow utility), we used ten Monte Carlo replications, which differ

only in the stochastic error term i.e., the individual-specific parameters were held fixed across the
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ten datasets. These ten Monte Carlo replications help us to study the variations of parameter esti-

mates across the generated samples. Thus, there are three data generating models for consumers’

intertemporal preferences and ten datasets for each model resulting in a total of 30 datasets.

We estimated three models of consumers’ intertemporal preferences (with zero, one or two

latent change-points) on each of the 30 simulated datasets. For example, we estimated a model

with zero, one or two latent change-points when the true data generation mechanism had zero

change-points. Thus, we estimated 90 models on the 30 simulated datasets. Table A2 provides

an overview of the log-marginal likelihoods (DICs) of the 90 models estimated on the 30 datasets.

The results provide evidence that our estimation approach can identify the correct number of

change-points in consumers’ flow utility. Specifically, when the true data generating mechanism

has zero change-points, the DIC of the models with zero change-points is better than models that

impose one or two change-points. Similarly, when the true data generating mechanism has one

(two) change-point(s), the DIC of the models with one (two) change-points is better than other

model specifications.

To demonstrate how well our proposed model is able to recover the true parameters in the

simulated data, we analyzed the estimates based on the correct model specification i.e., if the true

data generating mechanism has one change-point, we assessed the parameters after estimating a

one change-point model. We used the same priors that we presented in the "Model "Estimation"

subsection of our experiments. Table A3 shows the true value and the respective average estimates

across the ten Monte Carlo replications. The table also includes the variance of all parameter

estimates across these ten datasets. A comparison of the true (simulated) values and the average

posterior mean for all parameters shows that our proposed model recovers the parameters quite

well.

Furthermore, to assess our model’s ability to recover the true parameters with different priors

of the change-point distribution, we simulated data of the one change-point model specification

with different values for a and b of Beta(a, b) distribution. Table A4 shows the true value and the

respective estimated posterior mean and posterior variances of models with different Beta(a, b)

distributions such as Beta(2, 2), Beta(3, 2) and Beta(.5, .5). For each case, we multiplied the

Beta(a, b) distribution by T = 60. A comparison of the true (simulated) values shows that our
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proposed model recovers the parameters of the change-point distribution quite well.

Finally, to assess how sensitive our estimation is to other assumed priors, we re-estimated

a one change-point model specification with different prior specifications. Thus, in the results

presented below, the true data generating mechanism has a single change-point and we varied

the priors in the Bayesian estimation of a model that also imposes a single change-point. Table A5

shows the true parameter values of the simulation together with the estimated parameter values of

the baseline model (see results in Table A3 for model with one latent change-point). We estimated

six models with different prior specifications, namely (1.) a model with a more diffused prior for

the variance of the stochastic error term (i.e. IG (0.1, 0.1)), (2.) a model with a more diffused prior

for the population-level parameters α, β, ν1 and ν2 (IG (0.1, 0.1)), (3.) a model with a large prior

mean for α and β (Prior mean of α and β is 1), (4.) a model with a large prior mean for ν1 and

ν2 (Prior mean of ν1 and ν2 is doubled to 6), (5.) a model with a diffuse prior specification for the

change-point in that it has mass points beyond the longest contract duration (i.e., the Beta(a, b)

distribution of the latent change-point is multiplied by 120 instead of 60). Table A5 shows the

robustness of our estimation to different prior specifications and clearly indicates that the model

is able to recover the true parameters.
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Table A1: Parameter Distributions in Numerical Simulation

Model without latent change-point Model with 1 latent change-point Model with 2 latent change-points

α log-normal distribution

meanlog = log(0.75)
sdlog = 0.3

β log-normal distribution

meanlog = log(0.15)
sdlog = 0.2

ν log-normal distribution

meanlog = log(60)
sdlog = 0.1

α log-normal distribution

meanlog = log(0.75)
sdlog = 0.3

β log-normal distribution

meanlog = log(0.15)
sdlog = 0.2

ν(1) log-normal distribution

meanlog = log(60)
sdlog = 0.1

ν(2) log-normal distribution

meanlog = log(40)
sdlog = 0.1

τ1 normal distribution

mean = 20
sd = 5
τ1 > 1

α log-normal distribution

meanlog = log(0.75)
sdlog = 0.3

β log-normal distribution

meanlog = log(0.15)
sdlog = 0.2

ν(1) log-normal distribution

meanlog = log(60)
sdlog = 0.1

ν(2) log-normal distribution

meanlog = log(40)
sdlog = 0.1

ν(3) log-normal distribution

meanlog = log(10)
sdlog = 0.1

τ1 normal distribution

mean = 20
sd = 5
τ1 > 1

τ2 normal distribution

mean = 40
sd = 5

τ1 + 3 < τ2 < 60

39



Ta
bl

e
A

2:
N

um
er

ic
al

Si
m

ul
at

io
n

St
ud

y
-D

IC
M

od
el

C
om

pa
ri

si
on

Si
m

ul
at

io
n

M
od

el
0C

P
M

od
el

1C
P

M
od

el
2C

P
Es

ti
m

at
io

n
M

od
el

0C
P

M
od

el
1C

P
M

od
el

2C
P

M
od

el
0C

P
M

od
el

1C
P

M
od

el
2C

P
M

od
el

0C
P

M
od

el
1C

P
M

od
el

2C
P

1.
Es

ti
m

at
io

n
33

61
.1

5
33

90
.7

0
34

05
.9

0
57

64
.2

7
36

28
.9

8
36

43
.5

1
68

82
.6

4
50

19
.3

3
36

82
.1

5
2.

Es
ti

m
at

io
n

33
83

.7
3

33
94

.1
0

34
03

.7
5

56
66

.5
7

36
07

.5
7

36
51

.8
7

67
94

.6
8

48
36

.8
9

33
74

.1
2

3.
Es

ti
m

at
io

n
33

18
.7

4
33

49
.0

8
33

51
.7

8
56

46
.5

4
34

44
.1

0
34

68
.3

0
69

05
.0

1
48

49
.2

1
35

10
.0

6
4.

Es
ti

m
at

io
n

33
76

.8
2

33
91

.1
7

33
98

.3
6

57
14

.5
4

36
05

.8
5

36
29

.1
1

68
64

.9
4

49
75

.0
9

36
11

.6
0

5.
Es

ti
m

at
io

n
33

40
.6

3
33

73
.6

9
33

80
.3

3
56

98
.1

1
35

65
.5

7
35

77
.4

4
68

46
.5

2
48

45
.2

3
35

44
.5

5
6.

Es
ti

m
at

io
n

32
78

.0
7

32
91

.3
3

32
98

.6
5

56
63

.0
4

35
56

.3
8

35
89

.3
9

68
49

.5
2

46
77

.8
2

33
45

.5
7

7.
Es

ti
m

at
io

n
31

65
.2

2
31

92
.8

3
31

99
.4

0
56

17
.8

9
35

29
.2

0
35

60
.2

9
68

51
.0

4
51

17
.3

8
36

15
.9

1
8.

Es
ti

m
at

io
n

32
77

.9
8

33
07

.4
3

33
25

.7
6

57
37

.3
8

36
45

.1
1

36
83

.1
2

68
25

.5
3

46
38

.4
1

36
01

.3
4

9.
Es

ti
m

at
io

n
33

50
.5

7
33

69
.0

4
33

82
.1

8
56

78
.7

7
34

19
.6

9
35

34
.5

6
70

12
.9

3
46

70
.7

1
35

30
.2

4
10

.E
st

im
at

io
n

32
19

.6
7

32
37

.3
2

32
62

.8
6

56
83

.6
6

36
89

.4
4

37
02

.6
2

68
23

.4
7

49
37

.1
1

35
62

.8
6

A
ve

ra
ge

33
07

.2
6

33
29

.6
7

33
40

.9
0

56
87

.0
8

35
69

.1
9

36
04

.0
2

68
65

.6
3

48
56

.7
2

35
37

.8
4

40



Ta
bl

e
A

3:
N

um
er

ic
al

Si
m

ul
at

io
n

St
ud

y
-P

ar
am

et
er

R
ec

ov
er

y
Fo

r
Si

m
ul

at
ed

D
at

a
U

si
ng

Th
e

Pr
op

os
ed

M
od

el

M
od

el
w

it
ho

ut
la

te
nt

ch
an

ge
-p

oi
nt

M
od

el
w

it
h

1
la

te
nt

ch
an

ge
-p

oi
nt

M
od

el
w

it
h

2
la

te
nt

ch
an

ge
-p

oi
nt

s

Pa
ra

m
et

er
Tr

ue
V

al
ue

A
ve

ra
ge

Po
st

er
io

r
M

ea
n

Pa
ra

m
et

er
Tr

ue
V

al
ue

A
ve

ra
ge

Po
st

er
io

r
M

ea
n

Pa
ra

m
et

er
Tr

ue
V

al
ue

A
ve

ra
ge

Po
st

er
io

r
M

ea
n

A
ve

ra
ge

Po
st

er
io

r
V

ar
ia

nc
e

A
ve

ra
ge

Po
st

er
io

r
V

ar
ia

nc
e

A
ve

ra
ge

Po
st

er
io

r
V

ar
ia

nc
e

α
0.

78
8

0.
78

6
α

0.
78

8
0.

78
5

α
0.

78
8

0.
78

7
(0

.1
54

)
(0

.2
06

)
(0

.3
51

)

β
0.

15
4

0.
15

5
β

0.
15

4
0.

15
3

β
0.

15
4

0.
15

2
(0

.0
25

)
(0

.0
30

)
0.

04
7

ν
60

.0
9

60
.1

5
ν
(1

)
60

.0
9

60
.1

3
ν
(1

)
60

.0
9

60
.3

8
(1

.3
7)

1.
65

(2
.0

3)

ν
(2

)
40

.2
1

40
.2

8
ν
(2

)
40

.2
1

40
.2

4
(2

.4
16

)
(3

.2
56

)

τ 1
21

.1
4

21
.1

4
ν
(3

)
10

.0
98

10
.0

37
(1

.6
60

)
(1

.2
63

)

τ 1
19

.9
8

19
.6

36
(1

.9
88

)

τ 2
39

.5
1

39
.6

36
(1

.9
72

)

41



Ta
bl

e
A

4:
N

um
er

ic
al

Si
m

ul
at

io
n

St
ud

y
-

Pa
ra

m
et

er
R

ec
ov

er
y

Fo
r

Si
m

ul
at

ed
D

at
a

w
it

h
D

iff
er

en
t

C
ha

ng
e-

Po
in

t
D

is
tr

ib
ut

io
ns

(w
it

h
1

la
te

nt
ch

an
ge

-p
oi

nt
)

Si
m

ul
at

io
n

of
C

ha
ng

e-
Po

in
tτ

∼
B
et
a
(2
,2

)
Si

m
ul

at
io

n
of

C
ha

ng
e-

Po
in

tτ
∼
B
et
a
(3
,2

)
Si

m
ul

at
io

n
of

C
ha

ng
e-

Po
in

tτ
∼
B
et
a
(.
5
,.
5
)

Pa
ra

m
et

er
Tr

ue
V

al
ue

Po
st

er
io

r
M

ea
n

Tr
ue

V
al

ue
Po

st
er

io
r

M
ea

n
Tr

ue
V

al
ue

Po
st

er
io

r
M

ea
n

Po
st

er
io

r
V

ar
ia

nc
e

Po
st

er
io

r
V

ar
ia

nc
e

Po
st

er
io

r
V

ar
ia

nc
e

α
.7

88
.7

85
.7

88
.7

86
.7

88
.7

88
.0

4
.0

5
.0

3

β
.1

54
.1

54
.1

54
.1

55
.1

54
.1

53
.0

0
.0

0
.0

0

ν
(1

)
60

.0
93

59
.9

22
60

.0
93

59
.9

98
60

.0
93

60
.0

72
4.

11
4.

25
4.

30

ν
(2

)
40

.2
05

40
.2

92
40

.2
05

40
.1

89
40

.2
05

42
.2

03
3.

08
2.

42
8.

02

τ 1
33

.1
74

33
.1

01
34

.0
18

33
.9

93
27

.1
36

27
.3

06
17

.0
1

13
.9

1
3.

38

a
.b
et
a

2
2.

00
6

3
2.

99
7

.5
.5

04
0.

26
.3

3
.0

7

b.
be
ta

2
2.

01
2

2
2.

03
9

.5
.5

05
.2

5
.3

2
.1

9

42



Ta
bl

e
A

5:
N

um
er

ic
al

Si
m

ul
at

io
n

St
ud

y
-

Se
ns

it
iv

it
y

of
Pa

ra
m

et
er

R
ec

ov
er

y
Fr

om
Pr

io
r

V
al

ue
s

in
M

od
el

Es
ti

m
at

io
n

(w
it

h
1

la
te

nt
ch

an
ge

-p
oi

nt
)

Ba
se

lin
e

M
od

el
M

od
el

w
/l

ar
ge

er
ro

r
te

rm
M

od
el

w
/l

ar
ge

pr
ec

is
io

n
M

od
el

w
/l

ar
ge

pr
io

r
α

&
β

M
od

el
w

/l
ar

ge
pr

io
r
ν
1

&
ν
2

M
od

el
w

/l
ar

ge
pr

io
r

ch
an

ge
-p

oi
nt

Pa
ra

m
et

er
Tr

ue
V

al
ue

Po
st

er
io

r
M

ea
n

Po
st

er
io

r
M

ea
n

Po
st

er
io

r
M

ea
n

Po
st

er
io

r
M

ea
n

Po
st

er
io

r
M

ea
n

Po
st

er
io

r
M

ea
n

Po
st

er
io

r
V

ar
ia

nc
e

Po
st

er
io

r
V

ar
ia

nc
e

Po
st

er
io

r
V

ar
ia

nc
e

Po
st

er
io

r
V

ar
ia

nc
e

Po
st

er
io

r
V

ar
ia

nc
e

Po
st

er
io

r
V

ar
ia

nc
e

α
.7

88
.7

83
.7

78
.7

93
.7

93
.7

84
.7

82
.2

05
.1

86
.1

97
.1

84
.1

98
.1

95

β
.1

54
.1

52
.1

52
.1

58
.1

56
.1

58
.1

57
.0

29
.0

27
.0

26
.0

25
.0

27
.0

27

ν
(1

)
60

.0
93

60
.1

71
60

.1
51

60
.4

14
60

.3
36

60
.3

62
60

.3
43

1.
64

1
1.

57
2

1.
61

1
1.

51
0

1.
55

9
1.

55
2

ν
(2

)
40

.2
05

40
.5

24
40

.5
16

40
.6

03
40

.5
95

40
.6

17
40

.5
80

2.
43

8
2.

43
0

2.
44

6
2.

42
7

2.
43

4
2.

43
3

τ 1
21

.1
43

21
.1

40
21

.1
44

21
.1

30
21

.1
39

21
.1

40
21

.1
45

1.
73

2
1.

73
3

1.
72

3
1.

73
0

1.
73

4
1.

75
2

43


